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PKEPACE. 



"pvESCRIPTIVE GEOMETRY gives power to express con- 
"^"^^ ceptions and to solve problems in the constructive arts ; 
it also effectively disciplines the geometrical imagination. 

To accomplish these ends, nothing is better than problems of 
progressive difiieulty, which, taken in their logical order, the 
student can master alone, or with the aid of a small amount of 
judicious suggestion, and this principle has controlled the plan 
of this book. Part I., therefore, consists exclusively of prob- 
lems systematically arranged. The Introduction should be 
read before the student undertakes to solve these, as it is 
not intended for recitation, but for a preparatory lecture and for 
reference. It is not expected that any student will solve all the 
problems, nor would it be a wise expenditure of time. A 
course has been laid down, — by no means a minimum one, — 
and in Part II. of the book, suggestions, analyses, and occa- 
sional demonstrations for the solution of the problems of this 
course have been given, with- the intention, however, of always 
leaving some real work for the student. A large number of 
additional problems have been stated, which can be substituted 
at will for the others or can be used independently. Such 
combinations of the problems can be readily formed that the 
instructor may have from year to year the substantial advan- 
tages of a change of text-book. 
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Part III. is a condensed statement designed for occasional 
reference in tiie earlier part of the work, but especially as a 
review before leaving the subject or in preparing for examination. 

In using the material provided in this book, the author has 
found a method somewhat as follows productive of the best 
results : Out of every three exercises, one, an hour in length, 
is spent with the class in explaining difficulties, in opening new 
phases of the subject, and in pointing out short and elegant 
methods of solution, based as far as possible upon the discov- 
eries of the class. As often as seems necessary, analyses and 
geometrical reasons are called for. The other two exercises, 
each two hours in length, are spent by the students in work 
under the eye of the instructor, in solving and reporting prob- 
lems, and receiving such assistance as seems necessary or judi- 
cious. 

When the constructions have been approved, the student 
copies and arranges them, and prepares a suitable index and 
title-page. The set of solutions thus formed is then perma- 
nently bound, and in the end becomes the property of the 
student who makes it. 

The following are the special features of the book : 

First. The method of unfolding the subject by problems 
systematically arranged, and supplemented by suggestions 
when needed. 

Second. The large number of problems given. 

Third. The method of stating the problems, which in con- 
nection with the notation adopted makes every lettered drawing 
entirely self-explanatory. 

Fourth. The introduction of several subjects of consider- 
able descriptive value, such as the axis of affinity, axonometry, 
Pascal's and Brianchon's hexagrams. 



PREFACE. V 

Fifth. The early discussion of the cone and cylinder of rev- 
olution, and the sphere, in order that from the beginning these 
surfaces may be used as auxiliary. 

Sixth. The omission of all plates except a few of a generic 
character. 

It has been the intention of the author to prepare a book 
that will stimulate the student and can safely be left in his 
hands at all times, in the same way that a book of directions 
may be left in the hands of a student in a zoological labora- 
tory. It is hoped that any one of three classes of teachers of 
the subject will find it serviceable : 

First. Those who believe it necessary to continue the meth- 
ods of demonstration peculiar to Ancient Geometry through 
the course in Descriptive Geometry, but wish to supplement 
this work with practical exercises. 

Second. Those who prefer the lecture system rather than the 
use of text-books, but desire a book of exercises for the syste- 
matic grounding of their students in the elements. 

Third. Those who try to find in these pages all they need 
for a short, thorough course in the fundamental principles of 
Descriptive Geometry. 

The book is intended for the class-room, but it is believed 
that the industrious student will be able to master it by him- 
self. 

Several books in German have been freely drawn upon for 
problems, though many of them were collected while the 
author was attending a course of lectures upon the subject, by 
Professor Marx, of the Royal Polytechnic School at Munich, 
and some are entirely original. All, however, have been re- 
arranged and recast to suit the requirements of the present 
work. Pohlke has been freely consulted in the preparation of 
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Part III., though the works of De la G-ournerie, Mannheim, 
Delabar, Gugler, Fiedler, Steiner and others have been at hand 
for reference. 

I wish to express my thanks to Pres. T. C. Mendenhall, 
of the Rose Polytechnic Institute, and to my associate in the 
Faculty, Prof. W. L. Ames, of the department of Mechanical 
Drawing, both of whom read my manuscript and made valu- 
able and helpful suggestions ; also to Mr. E. G. Waters, a 
student of Eose Polytechnic, who has aided me in the prepara- 
tion of the plates for this work. 

C. A. WALDO. 

Terkb Haute, Ind., 
June 17, 1887. 
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INTRODUCTION. 



How can a solid having three dimensions be exactly repre- 
sented upon a surface having but two dimensions ? 

This is the problem which Descriptive Geometry seeks to 
answer. As the theoretical basis of its answer it develops cer- 
tain laws of relationship which connect the figure in space with 
its expression in a plane. These laws belong to Projective 
Geometry and are rigorously mathematical ; when, however, 
actual representations of real objects are attempted, the results 
wiU be approximations of varying degrees of accuracy accord- 
ing to the skill of the artist. Descriptive Geometry is an art 
when it exercises a student in its methods ; a science, when it 
reveals a strictly mathematical basis for its methods. 

To the technologist, as the architect or mechanic, it is not 
only necessary that the representation should be derived from 
the original and suggest it in a general way, but it is even 
more imperative that the original itself, which may have been a 
material object or only a creation of the imagination, may be 
reproduced by the skilled workman with the aid of the repre- 
sentation in tangible, material form, in every smallest detaU of 
shape and measurement. Because rectangular or orthographic 
projection accomplishes this twofold object best, it has gen- 
erally been allowed to usurp the whole domain of Descriptive 
Geometry, and it is not the purpose^ of this little book to depart 
greatly from the usual though inadequate interpretation of the 
science. For the sake of special descriptive properties easily 
understood, the more general science of Projective Geometry 
is drawn upon for a few isolated propositions. 

A knowledge of plane and solid elementary or ancient Geom- 
etry is assumed. Especial attention, however, is dkected to 
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those propositions which in most American manuals are em- 
braced in the first two books of solid Geometry. The student 
is also supposed to have a fair knowledge of elementary Al- 
gebra and Trigonometry ; and in that portion of this work 
which ti-eats of figures of a higher order than the first, of 
elementary Analytic Geometry. 

"When statements without demonstration are made, it is with 
the expectation that the student will think them through and 
satisfy himself that they are founded in formal Geometry or in 
common sense. He should hold in mind the figures presented 
to him for consideration until in imagination he can see them 
in their true forms and relations. He will then be able to 
perform operations upon them as upon material objects pre- 
sented to the senses. This is the essence of Geometry. No 
exercise of the mathematical faculties can be more productive 
of beneficial results, and there is no other that will give a more 
pleasurable feeling of mastery. 

Preparatory to the solution of the problems let us now consider 
•pjg in a practical way the meaning of ortho- 

graphic projection and discuss briefly the 
transformations usually made. For this 
purpose let us take a piece of stiff' writing- 
paper about eight inches long and four 
wide and cut it as in Fig. a, — two sUts 
along the medial line ab, about one inch 
into each side. 

Take another piece of paper of the same 
size cutting it as in Fig. /?, — a two-inch 
slit in the line ab, leaving an inch on each 
side of the paper uncut. By folding over 
the top of a without creasing it we will thrust it through the 
slit of /8. The two pieces will then hinge along their medial 
lines and may be made to assume any angle with each other. 
We wiU place them so that their dihedral angle is about 90°. 
Make one of the pieces as nearly as possible horizontal. We 
will call it the horizontal plane of projection and designate it 
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by H. The other piece will be approximately vertical in posi- 
tion. We wiU call it the vertical plane of projection and desig- 
nate it by V. Hold the papers so that H is lower than the eye 
and V in front of it. The angular space j-j^ ^ 

in view we will call the first quadi-ant and 
designate it by 1 Q ; the angular space be- 
hind 1 Q we will call the second quadrant 
or 2 Q ; that below 2 Q will be 3 Q ; that 
in front of 3 Q and below 1 Q will be 4 Q. 
The medial Une of H and F, or the hinge, 
we will call the ground line and designate 
it by Q. 

Suppose a point situated in space some- 
where in 1 Q, and perpendicular lines drawn 
from the point to H and V respectively. 
These hues are the projecting lines of the point, and the points 
in which they pierce H and V are respectively the H and V pro- 
jections of the point. Assuming our pieces of paper to be true 
planes at right angles to each other, the two projecting Unes 
determine a thkd plane perpendicular to both H and F, there- 
fore to their intersection O. This third plane wiU cut from H 
and V two lines each of which is perpendicular to Q at the 
same point. If now we reverse our operation and erect perpen- 
diculars to H and Y at the projections of a point, it is evident 
that they must meet in space and determine the original point. 
A point is therefore fully determined by its two projections. 

When we revolve H and V upon Q it is evident that the 
relation of the intersections of, the third plane to G is not 
changed. When, therefore, H and V form one continuous 
plane, the two intersections form one and the same right-line per- 
pendicular to O. We thus establish the important proposition 
that when the planes of projection are brought into coincidence 
the right-line joining the two projections of any point is and 
must be perpendicular to the ground line. 

If instead of a single point in space we had taken a system 
of points lying in a right-line, the projecting Unes of all these 
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points would lie in a projecting plane whose intersection with 
H or F would fonn the H or F projection of the hne. Ex- 
cept in special positions to be studied hereafter the H and F 
projections of a Una determine two projecting planes whose 
intersection in space is the original line. 

Going a step further we see that the locus of aU the projecting 
lines to H or F of all the points of a space curve ^ is a continuous 
surface generated by a right-line moving along the curve with 
all its positions parallel, is a cylindrical surface therefore, and 
in this case a projecting cylindrical surface whose intersection 
with its plane of projection is the like-named projection of the 
space curve. The horizontal and vertical projecting surfaces 
intersect in space in the original curve. Hence, in general, all 
the points of any soUd in space, therefore the solid itself, are 
fuUy determined by their fl"and F projections. 

In order now that this perfect representation of a figure in 
space may be had upon a single plane surface, we first conceive 
our planes of projection at right-angles to each other. We then 
suppose a revolution upon Q which brings them into coincidence 
and perform the operations which this revolution necessitates. 
H and Fare always made coincident by enlarging the angle 
between upper F and front H from one of 90° to one of 180°. 

As a preliminary exercise let us discuss the first part of 
problem 3. We will represent, by the method explained above, 
a line ab crossing the first quadrant. We will also find its true 
length between H and F, and the angles it makes with these 
planes. Recui'ring to our two pieces of paper, it is evident that 
if the line is to cros^ 1 Q, the point in which it pierces F must be 
above G, and that in which it pierces Hia front of Q. With these 
limitations, assume the points of piercing anywhere. CaU the 
point in which ab pierces H^h; in which it pierces V,v. his its 
own H projection ; the H projection of v is a point in Q found by 
drawing a perpendiculai- from viaQ. We thus know two points 
in the H projection of db, therefore the H projection itself. 

Similarly we find the Fprojection. The former we designate 
by a'b', the latter by a" b", as in Fig. y. 
1 Part III. Art. 27. 
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To find the true length, L, of ah between h and v, we can use 
a'V from ff to ft as the leg of a right-angled triangle whose other 
leg is the perpendicular from v to Q. The hypotheniise of this 
triangle is the length sought. A convenient construction is 
given in Fig. y. The basal angle between a'V and ayfi^^ is a', 
the inclination of ab to H. The same triangle is sometimes 
more conveniently constructed In V. In this case (a) (6) , as 
shown in Fig. y, is the hypothenuse and the length along this 
line from v to (? is i. This method may be explained by 
saying that the line ab is revolved about some point in its H 
projection until it is parallel to V when its V projection is its 
true magnitude. 




The process here illustrated in an^u of laying a plane figure 
over into ^ or F is called revolution. The relation of the parts 
of 'the figure in space to each other is not disturbed, while its 
H ox V projection is taken as the axis of revolution. "When 
some other line in ^ or V is taken as an axis the figure is said 
to be developed. 

As a rule, points and right-lines are revolved; while points, 
right-lines, planes, and developable surfaces are developed. 

When a plane figure lies in a plane perpendicular to G, or in 
a plane making a very small angle with G, a third plane of 
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projection is often necessary. When used it is generally taken 
perpendicular to G and therefore to H and V. 

To recapitulate briefly. 

The planes of projection are three, each one perpendicular to 
the other two ; one, parallel to the horizon — the fli'st or hori- 
zontal plane ; one, perpendicular to this and extending from left 
to right — the second or vertical plane ; one, upon the right ex- 
tending from front to rear — the third or perpendicular plane, 
corresponding to what is known in architecture as plan, front 
and side respectively. 

The intersection of the first with the second plane is called 
the first ground line or simply the ground line ; the intersection 
of the second with the tMrd is taken as the second ground line ; 
the intersection of the third with the first as the third ground 
line. The first and second planes are revolved about the first 
ground line into one plane, which therefore represents both ; 
below the ground line is front horizontal and lower vertical ; 
above the ground line is back horizontal and upper vertical. 
The third plane of projection is revolved, the front part to the 
right, about the second ground line until it coincides with the 
second plane. 

These transformations are further illustrated in figures 1 and 
2, 3 and 4 ; figures 1 and 3 show the three planes in space 
marked H, V, P, before revolution and the first, second, third 
ground lines ; figures 2 and 4 show the same lines and planes 
transformed. 

Projection has the same meaning as in elementary Geometry 
and is effected by projecting lines, planes, and cylindrical sur- 
faces ; the intersections of these with the planes of projection 
are the projections of a figure. 

After reading through the remaining portion of the Introduc- 
tion, the student should proceed to solve the problems with 
the least possible help from Part 11. 

The projections of given lines, or the traces of given planes, 
are represented by an unbroken line : 
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Whether the unbroken line belongs to the former or latter is 
shown in two ways : by the lettering, and by the fact that the 
traces of a plane always meet on Q, while in general the pro- 
jections of a line do not. 

When the continuation of a projection of a given line is cov- 
ered by a plane of projection or by a solid in space, the covered 
portion is represented by short dashes : 



The continuation of the traces of a given plane under similar 
conditions, by dashes nearly twice as long : 



The projections of a required line, or the traces of a required 
plane, by a line broken at much longer intervals : 



while the covered portions of both are represented as in the 
given line and plane. 

The projections of an auxiliary line are alternate dashes and 
dots: 



The traces of auxiliary planes are longer dashes alternating 
with two dots : 



In the last two cases no difference is made in the covered 
portions, except in a few problems where a distinction seems 
necessary, when the covered projections and traces are drawn 
lighter. G-iven or required arcs or circles are drawn full, auxil- 
iary are broken. 

A series of points is used for connecting the projections of 
points, whether in space or developed. 

Developed lines and traces, when neither given nor required, 



8 DESCEIPTIVE GEOMETRY. 

are represented as auxiliarj' ; for, while they are neither new 
nor in a measure independent figures, they are helps in reaching 
the result sought. 

H, means the horizontal plane of projection. 

V, the vertical plane of projection. 

P, the perpendicular plane of projection. 

G, the first ground line. 

O2, the second ground line. 

Gs, the third ground line. 

1 Q, the first quadrant. 

2Q, the second quadrant ; etc. 

gn., given. 

rq., required; that is, when not otherwise stated, the first 
and second projections are required. 

pr., projection; prs., projections. 

S-pr.,the horizontal projection, or the projection in the first 
plane. 

F-pr., the second projection. 

P-pr., the third projection. 

h, the point in which a line pierces the first plane. 

V, the point in which a line pierces the second plane. 

Pt the point in which a line pierces the third plane. 

L, the true length of a line between h and v. 

line, right-line, unless otherwise qualified, or shown by the 
context to mean line in general. 

pt., point; pts., points. 

revolved position, means a position assumed when a space figure 
is revolved into a plane of projection on a line of this 
plane through the corresponding projection of the fig- 
ure as an axis. In Fig. y, afii is a rev'd pos. of 06. 

developed position, the same as above, except the axis of revolu- 
tion is any other line of the corresponding plane of pro- 
jection ; in general, such axis will be the corresponding 
trace of some oblique plane which contains the figure 
in space. In Fig. 13, (a) (&) is dev. pos. of 06. 
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X, y, z, ordinates : when a figure is given by its x, y, z ordinates, 
X means distance from P parallel to Q\ y, distance 
from Fpai'allel to G^ ; «, distance from M parallel to 
G2. Positive X is reckoned from P to the observer's 
right ; positive y, from V forwards ; positive z, from 
H upwards. "When the position of a figure is given 
by its X, y, z ordinates the position of P is shifted from 
the observer's right to his left, to correspond with the 
usual assumptions of Analytic Geometry. 

a6c, etc., designates the figm-e in space. 

a'&'c', etc., its first projection. 

a"b"c", etc., its se(?bnd projection. 

a"'b"'c"', etc., its third projection. 

ai&iCi, etc., the figure revolved into II. 

afi^c^, etc., the figure revolved into V. 

asfegCg, etc., the figure revolved into P. When a figure is 
revolved into any plane more than once, double sub- 
scripts should be used ; as, ai^. 

(a), (6), (c), etc., a figure developed in any plane of pro- 
jection. When several times developed in the same 
plane of projection the figures may be distinguished 
by the Arabic numerals ; as, (a)i, {0)2, etc. 

iTi", or a6, cd, a plane in space; the former given by its 
, traces, the latter by two parallel or intcTsecting 
lines. 

t'T, the first trace of the plane t'Tt". 

Tt", the second trace. 

T"f", the third trace. 

K, the angle which the first and second traces make in space. 

a', the inclination of a line to H, or the minimum acute 
angle which it makes with any line of H through its 
foot. 

a", the inclination of a line to V. ~ 

a'", the inclination of a line to P. 

e', the angle of inclination of a plane to JET, or the maximum 
acute angle, or the minimum obtuse angle formed by 
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the lines cut out from H and the plane by any third 

plane. 
<■", the angle of inclination of a plane to V. 
<■'", the angle of inclination of a plane to P. 
±, perpendicular. 
II , parallel. 
= , equal. 
A, triangle. 
EJ, parallelogram. 
'if, a given angle or angle in general. 
^, a required angle. 
> , greater than. 
< , less than, 
windschief, two lines crossing each other in space but not 

intersecting. 
00, infinity. 
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PART I. 

EXEECISES AUD PEOBLEMS. 

In the following exercises and problems the student is referred 
to the Introduction for explanations of abbreviations and 
notation ; to Part II. for suggestions, analyses and demonstra- 
tions ; and to Part III. for a synopsis of the subject-matter of 
Descriptive Geometry as covered by this handbook. 

Section I. 
Progressvue Course on the Point, Line and Plane. 

1. Construct the projections of a point, a, in each of the 
four quadrants. 

2. Find and construct five other positions of a point, a, the 
first of which shall lie in the fore part of the horizontal plane. 

3. Construct four lines : one, ab, crossing the first quadrant ; 
one, cd, crossing the second quadrant ; etc. Find their hori- 
zontal and vertical traces, and designate the fonfler by h, the 
latter lij v. 

4. Construct four lines, ab, cd, etc., parallel to the ground 
- line, one in each quadrant. 

5. Construct a line, ab, parallel to the vertical plane, and 
inclined to the horizontal plane. 

6. Construct a line, ab, lying in the horizontal or vertical 
plane ; also a line, cd, lying in the bisecting plane of the first 
and third quadrants, and a line, ef, lying in the bisecting plane 
of the second and fourth quadrants. 
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7. Construct lines, db, cd, etc., crossing the four quadrants 
and lying in planes perpendicular to the ground Une. Use the 
perpendicular plane in each case as a third plane of projection. 
Revolve the latter upon its intersection with the vertical plane 
considered as a second ground line, and show the true position 
of each thu-d projection, a"'b"', c"'d"', etc. 

8. Find and represent in a similar way six other positions of 
lines lying in planes perpendicular to the ground line. 

Note. From this point on, the notation and abbreviationa explained in 
the Introduction will be fully used. 

9. Construct two lines, ab, cd, intersecting in the pt. a, one 
11 to V, the other to H. 

10. Construct any two lines, ab, cd, intersecting in the pts. 
X, y, z; x=3, y=2, » = 4. Assume origin in G. 

11. Construct a cone of revolution, 

a) with base, B, in H and vertex, S, in space ; 
6) with jB in F and /S' in IT. 
Show in a) the inclination, a', of elements to H; in 6), the 
inclination, a", of elements to V. 

12. Construct a cylinder of revolution, 

a) with B in H and axis in V; 

b) with Bin V and axis ± to F- 

13. Gn. a line, ab ; rq. a', a", and true length, L, between 
its traces, h, v. Solve at least for lines crossing 1 Q and 2 Q. 

14. Gn. two pts. in space, a in 1 Q, 6 in 4 Q ; rq. theii' true 
distance. « 

15. Of a line, ab, in space, gn. a'b', h and a' ; rq. a"b" and v. 

16. Of a line, ab, gn. a'b', h and a" ; rq. a"b", a' and v. 

17. Of a line, ab, gn. a'b' and L ; rq. a"b", a", v and h. 
Solve at least for 1 Q and 2 Q. 

18. Of a line, ab, gn. a"b", v and a' ; rq. a'b' and h. 

19. Of a line, ab, gn. a"b", v and a' ; rq. a'b' and h. 

20. Of a line, ab, gn. h, a' and a" ; rq. a'b' and a"b". Con- 
struct all the possible positions of the required line and find the 
^ a'", made with the third plane of projection, P. 
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21. Gn. a line, ah ; rq. the pt. p of a6 equally distant from 
jETandF. Solve by P. 

22. Gn. a plane, t'Tt", and a"V' of a line therein ; rq. a'h' of 
the line, ah, of the plane. 

23. Gn. a plane, t'Tt", and a' of a pt., a, therein ; rq. a". 

24. Gn. a plane, t'Tt"; rq. its inclinations to H and F, t' 
and e". 

25. Gn. a plane, t'Tt" ; rq. the ^ ^ which the traces of a 
plane make in space. See Fig. 6. 

26. Of a plane, t'Tt", gn. iTand K; rq. K". 

27. Of a plane, t'Tt", gn. K, e' and a pt., p, in i'T; rq. iT 
and Tt"- 

28. Of a plane, t'Tt", gn. JTand e; rq. Ti". 

29. Of a plane, t'Tt", gn. t'Tand e" ; rq. Z't"- 

30. Of a plane, *'?{", gn. e', e" and a pt., p, in i'T; rq. t'T 
and Tf". 

31. Gn. a plane, t'Tt", and apt.,^, therein; rq. the devel- 
oped position, (p), of the pt. when the gn. plane is developed 
into Hon t'Toi into Fon Tt"- 

32. Gn. a plane, t'Tt", and the developed position, (p), of a 
pt.,j9, therein; rq- p' and^". 

33. Of a pt., p, gn. p', p" and (p) ; rq. the plane, t'Tt", 
containing the pt. 

34. Gn. e" of a plane, t'Tt", containing the pt. p, andp' and 
(p) of the pt. ; rq. t'T, Tt" and e'. 

35. Gn. the ^ Kot a. plane, t'Tt", containing the pt. p, and 
p' and (p) of the pt. ; rq. i'T and Tt". 

36. Gn. a plane, t'Tt", and the distances m' and m" ; rq. the pt. 
p, whose distances from ^T and Tt" are m' and m", respectively. 

37. Gn. a plane, i'Tf", and a line, ab, therein ; rq. the devel- 
oped line, (ab) , and the ^ s /3' and P", which the line ab makes 
with t'T and Tt", respectively. 

38. Gn. two intersecting lines, ab, cd; rq. the plane, t'Tt", 
containing them, and the X 8 which these lines make in space. 
Find the bisector, pq, of. the 2C between the gn. lines. 

39. Gn. a plane, t'Tt", a line, ab, therein, a pt., p, in ab and 
the ^ 8; rq. the line cd, lying in t'Tt", passing through j3, and 
making with ab the i^ 8. 
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40. Gn. two. II lines, ab, cd; rq. their plane, t'Tt", and their 
true distance apart, D. 

41. Gn. three pts., a, 6, c; rq. their plane, t'Tt", and their 
true relation, (a) (&) (c), as shown in H by revolving on t'T, 
and in V by revolving on Tt". 

42. Gn. aline, ab, and a pt.,p, without it; rq. tKe plane, 
t'Tt", of a& and p, also the distance from p to a&, found by 
developing the latter into V upon Tt". 

43. Gn. a Une, ab, a pt., p, without it and the ^ fi; rq. the 
line, cd, lying in the plane, t'Tt", which contains ab andp; cd 
passes through j3 and makes with ab the ^ y8. 

44. Gn. a plane, i'Ti", a pt., p, within it and the 2C 8 ; rq. 
the line cd of t'Tt", containing^ and making with IT the 'if S. 

45. Gn. a line, a6, and the 2^ 8 ; rq. the plane, t'Tt"^ con- 
taining ab and so situated that t'T makes with ab the llf 8. 

46. Gn. a plane, t'Tt", and a pt., p, without it ; rq. the dis- 
tance, D, fromp to t'Tt"- Solve by a projecting plane contain- 
ing j9 and± to t'T. 

47. Of a plane, t'Tt", gn. t'T, a pt.,p, without the plane and 
the distance, D, tvamp to t'Tt" ; rq. Tt". Reverse 46. 

48. Gn. a plane, t'Tt", and a line, ab, without it ; rq. the pt., 
p, in which ab pierces t'Tt". 

1) Line general: 

a) Plane general ; 
6) Plane II to Q. 

2) Line in plane _L to G^ : 

a) Plane general ; 
6) Plane II to O. 
Solve for each case. In 1) a) make 5!" acute, in 2) a) make 
K obtuse. 

49. Gn. a plane, t'Tt", and a pt.,p, without it; rq. the dis- 
tance, D, fromp to t'Tt". Solve by drawing a ± from the pt. 
to the plane and determining its foot in the plane and its true 
length between the pt. p and the foot. 

50. Gn. a li^8, oh, and apt.,p, without it ; rq. the plane, 
t'Tt", containing p and J. to ab. Also find the distance, D, 
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fromp to ah by finding the length of the line from p to the pt. 
q where ah pierces t'Tt". 

51. Grn. a plane, t'Tt", and a line, ab, without it ; rq. the ^ 8 
which ab nj^ikes with t'Tt". Solve by a ±, ph, from any pt.,p, 
of ab upon t'Tt". The '^ between ph and ab = 90° — 8. 

52. G.n. a line, ab, and a pt., p, without it ; rq. the line, pq, 
containing p and intersecting ab at rt. angles. This is the ex- 
tension of 50. In one of the two problems, 50 and 62, assume 
the data so that ^is > 90°, in the other so that JTis < 90°. 

53; Grn. a plane, t'Tt", a pt., p, without it and the ^s S^nd 
^ ; rq. a line, pm, containing p, making with H the "if 8 and with 
t'Tt" the ^ e. 

54. Gn. two intersecting planes, t'Tt" and r'Br" ; rq. their 
line of intersection, mm, 

a) when the traces intersect within the limits of the 

drawing ; 
&) when the traces do not so intersect. 

55. Gn. two intersecting planes, t'Tt" and r'Br" ; rq. the 
^ ^ between them. Bisect the ^ ^ by a third plane, s'Ss". 

56. Gn. two II planes, t'Tt" and r'Br" ; rq. their distance 
apart, D. 

57. Gn. two windschief lines, ah and cd ; rq. the plane, t'Tt", 
containing ah and II to cd. 

58. Gn. two windschief lines, ah and cd, and the pt. p ; rq. 
the plane, t'Tt", containing^ and II to ab and cd. 

59. Gn. two windschief lines, ab and cd ; rq. their distance, 
D, and its projections, p'q' andp"?". 

60. Gn. two windschief lines, ah and cd, and the pt. p ; rq. 
the line, pq, passing through p and cutting both ab and cd. 
Solve, d^ -vy^ith the traces of auxiliary planes ; 

6) without such traces. 

61. Gn. a plane, t'Tt", and a pt., p, without it ; rq. a plane, 
r'Sr", containing j7 and II to t'Tt". 

62. Gn. a plane, t'Tt", and the distance D; rq. a plane, 
r'Br", II to t'Tt" and at the distance D. 
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63. Gn. a plane, t'Tt", and without it a line, ab, and a pt., 
p; rq. a plane, r'Br", containing p, II to ab and -L to t'Tt". 

64. Gn. a plane, t'Tt", a line, ab, within it and the 2C 8 ; rq. 
a plane, r'Br", containing a6 and making with t'Tt" the ^ 8. 
Construct when 8 = 60°. 

65. Gn. a plane, t'Tt", a line, ab, without it and .the 2(^ <^; 
rq. a plane, r'Br", containing ab and making with t'Tt" the 2C <fi. 

66. Gn. a plane, t'Tt", a line, a.b, within it, a pt., p, without 
it and the '^ S; rq. a line,^^, connecting j9 and ab and making 
with t'Tt" the "^ 8. 

Note. In trihedrals the face Ys are a, P, y, and the opposite dihedrals 
are A, B, C, respectively. 

67. Gn. a, I3,y; rq. A, B, C. 

68. Gn. a, p,G; rq. A, B,y. 

69. Gn. a, p. A; rq. B, C, y. 

70. Gn. p, C,A; rq. B, y, <x. 

71. Gn. a,C,A; rq. B, /3, y. 

72. Gn. A,B,C; rq. a, yS, y. 

73. Gn. a, C, (^ + y) ; rq. ^, B, /3, y. 

74. Gn. a, O, il3-y); rq. ^, B, p, y. 

75. Gn. a plane, t'Tt", and a'b'c'd'e' of a pentagon, a6cde, 
lying therein; rq. a"b"c"d"e" and the true figure, (a)(&)(c) 
(d)(e). 

76. Of a plane pentagon, aficcZe, gn. a'b'c'd'e' and a"b"c" ; rq. 
d"e" and the true figure, (a) (6) (c) (d) (e) , without constructing 
-the plane of the pentagon. 

77. Of a plane rectangle, abed, gn. a'b'c'd' and the true 
length, L, of the side ab ; one vertex, a, lies in H; rq. a"b"c"d", 
the plane, t'Tt", of the rectangle and the true flgare, (a) (6) 
(c)(d). 

78. Gn. a pyramid, S-abc, and p" of a pt., p, upon its sur- 
face ; rq. p'. Assume the pyramid with its base in I£. 

79. Gn. a pyramid, S-abcd; rq. the length, L, of the edge 
Sa, the ^ a" of inclination of Sa to V, the i^ <^ between the 
two faces Sab and Sbc, the ^ f" of inclination of the face Sad 
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to V and the development of the pyramid in V, (S) (a) (6) 
(c) (d) , the solid being opened on the edge Sc and the devel- 
oped lateral surface remaining attached in V to the basal edge 
ab. Assume the pyramid with the base in V. 

80. Of a triangular pyramid, S-abc, gn. its base, abo, in H 
and tte lengths Li, L2, L,, of the edges Sa, Sb, Sc, respec- 
tively ; rq. the projections of the pyramid. 

81. Of a triangular pyramid, S-abc, gn. its base, a&c, in V, 
two lateral edges, Sa, Sb, and its altitude, A ; rq. the projec- 
jeetions of the pyramid. 

' 82. Of a triangular pyramid, S-dbc, gn. the face 2^8 a, /8, y, 
of the trihedral at the vertex S, one basal edge, ab, and the 
conditions that the base shall lie in II and that the inclinations 
of the, lateral faces to H shall be equal ; rq. the projections of 
the pyramid. 

83. Of a triangular pyramid, S-abc, gn. the face ^s a, yg, y, 
at the vertex S, two lateral edges, Sa, Sb, and the ^ <■' of 
inclination, 

a) of the face Sab to H; 

b) of the face Sac to H; 

rq. the projections of the pyramid. Assume the base in H. 

84. Gn. a triangular pyramid, S-abc ; rq. the circumscribed 
, sphere and its centre, C. 

85. Gn. a triangular pyramid, S-abc ; rq. the inscribed sphere 
and its centre, C. 

86. Gn. an edge, ab, in ^of 

a) a regular tetrahedron ; 

6) a regular octahedron ; 

c) a regular icosahedron ; 
(?) a regular dodecahedron ; 

rq. the projections of the polyhedrons and their development in 
H. ab is to be assumed in each case as one side of a face 
lying in H, upon which the polyhedron rests. No one of the 
sides of this basal face is to be taken either II or _L to G. 

87. Gn. an edge, ab, of a regular icosahedron II to H and an 
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adjacent edge, ac, makiDg ^s of 30° and 45° with H and F 
respectively ; rq. the projections of the solid. 

88. Gn. a plane, t'Tt", and a pyramid, S-abc; rq. to deter- 
mine whether the plane cuts the pyramid between the limits of 
the vertex and base. 

89. Gn. a pyramid, S-abc, and an intersecting plane, t'Tt" ; 
rq. the figure of intersection, mno. 

90. Gn. a prism, -abc-ajbiCi, and an intersecting plane, t'Tt" ; 
rq. the figure of intersection, mno. 

91. Of the hexagonal pyramid, S-abcdef, gn. the base, abcdef, 
in H and the lengths ij, L2, is, of Sa, Sc, Se, respectively ; 
rq. the pyramid and its intersection, mno etc., by a plane, t'Tt", 
which cuts off equal distances from Sa, Sc, Se. 

92. Gn. a line, de, and a pyramid, S-abc ; rq. the pts. m, n, 
in which de pierces S-abc. 

93. Gn. a line, de, and a prism, a6c-cii6iCi ; rq. the pts. m, n, 
of intersection. 

94. Gn. two intersecting pyramids, S-abcd and T-xyz, with 
bases in H; rq. the figure of intersection, mno etc. 

95. Gn. two intersecting prisms, abcd-afiiC^di and xyz-x^y^Zi, 
with bases in V; rq. the figure of intersection, mno etc. 

96. Gn. a prism, abcd-aJ)iGidi, with base in H and an 
intersecting pyramid, S-xyz, with base in V; rq. the figure of 
intersection, mno etc. 

97. Gn. unit rectangular axes, ox, oy, oz, II to the intersec- 
tione of JSV, HP, VP, respectively ; rq. their projections, OiX^, 
Oiy-i, Oi%, upon a fourth plane, t'Tt", which is inclined to H at 
an 2C of 80° and whose t'T makes with G the ^ 30°, also rq. 
the development of t'Tt" on t'T in M and the projected axes 
(oi)(a;i), (oi)(2/i)>.(oi)(2i)- 

98. Project axonometrically the star-dodecahedron, the ratio 
of unit rectangular axes in space being in projection, x:y:z 
= ^ : ^ : 1 ; the inclinations of the projected axes to Q being 
tan ^ xoQ = jij-, tan ^ yoQ = \, tan 2^ zoO = 00. 

99. Gn. in H two A, abc and mno ; rq. the projections of 
abc when the H projection, a'b'c', is similar to mno. Let the 
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vertex c remain in H during the necessary rotation of the 
plane of abc. 

100. G-n. the H projection, o'6'c', of a A abc, the altitude of 
the vertex 6 and another A, mno ; rq. the V projection, a"b"c'', 
when abo is similar to mno. 

101. Of the three concurrent edges of a cuhe, OA, OB, 00, 
the F projections, 0"A", 0"B", of two are known ; rq. the cor- 
responding projection, 0"G", of the third. 

102. G-n. 0"A'< as in 101 and the directions of 0"B" and 
0"C" ; rq. the corresponding lengths of the two last. 

103. Gn. 0"^" as in 101 and the lengths, A, L^, of 0"B", 
0"G" ; rq. the corresponding positions of the two last. 

104. Gn. 0"A" as in 101, the dii-ectioji of 0"B" and the 
length, ij) of 0"0" ; rq. the corresponding length of 0"B" and 
position of 0"C". 

Section II. 
Additional Exercises upon the Point, Line and Plane. 

105. Gn. three pts., a, b, c, as the vertices of a triangle, abc, 
by a', V, c', and the distances di, d^, d^, respectively above jEf; 
rq. a"b"o" and the true figure of the A abc. 

106. In a plane, t'Tt", given by t'T and a pt. a, lies a regu- 
lar octagon with a for its centre and one side, be, II to t'T; rq. 
the prs. of the octagon. 

107. Gn. in H a, O, abed, and the distance d ; rq. the prs. 
of abed when its centre, m, is at the distance d above H and 
a'b'c^d' is a square. 

108. Gn. the -ff-pr., a'b'c', of a A ; rq. the F-pr., a"b"c", 
when abc in space is equilateral and the vertex, a, lies in H. 

109. Gn. a pt., o, as centre of a regular hexagon and the 
H-pr., a'V, of one side, ab; rq. the hexagon, abcdef, and its 
plane, t'Tt". 

110. Gn. the side, ab, of a square, abed, and the ^ 8; rq. 
the square and its plane, t'Tt", when the diagonal ac makes 
with H the ^ 8. 
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111. Gn. two pts., a, 6, and the distance d; rq. the equilat- 
eral A abc when c is at the distance d from H. 

112. Of a A, abc, there are given the vertices a, 6, the H-pr. 
c', a square, K, of area equal to that of abc ; rq. c", the plane, 
i'Tif", of the A abc and the true figure, (a) (6) (c) , of the latter. 

113. Gn. a pt., p, a line, ab, J- to H and a line, cd, -L to F; 
rq. the line, pq, through p and intersecting ab and cd. 

114. Gn. three lines, ab, cd, ef; rq. lis, afii, CjC?i, ej/j, to the 
three lines respectively, each of which shall cut the two given 
lines to which it is non-parallel. 

115. Five pts., a, 6, c, d, e, are gn. by their co-ordinates, as 
follows : 



a 


b 


c 


d 


e 


x= 


30 


48 


40 


10 


2/= 15 


35 


6 


46 


28 


a = 48 


10 


30 


48 






rq. •fhe true figure, (a) (6) (c), of the A abc and its plane, t'Tt", 
the distances, dj, dj; of d and e from i'Ti" and the pt. q in 
which the line de pierces t'Tt". 

116. Gn. a pt.,p, and a line, ab ; rq. the regular decagon, 
mno etc., whose centre is p and one of whose sides, mn, falls 
in ab. 

117. Gn. a plane, t'Tt", and figure, a6c etc., therein, whose 
fi'-pr., a'6'c' etc., is a regular octagon ; rq. a"b"c" .. 

118. Gn. a pt., p, and two lines, ab and cd, both J_ to Q; rq. 
the line, pg', through p and intersecting a6 and cd. 

119. Given a plane, i'Ti", and apt., p, without it ; rq. aline, 
pq, through p and || to t'Tt", whose prs.,p'q' and p"q", shall 
be II lines, when Fand -ffare made to coincide as usual. 

120. Gn. a line, ab, and two planes, t'Tt" ± to H and 7-'i2r" 
-L to V; rq. the pt., p, of a6 equally distant from t'Tt" and 
r'iJ/-". 

121. Gn. a pt.,p, and the planes, t'Tt" and r'Br" ; rq. the 
line, pq, through p \\ to both planes. 

122. Gn. a line, ab, and a plane, t'Tt"; rq. the line, pq, 
of i'Ti" ± to «&. 



EXEKCISES AND PKOBLBMS. 21 

123. G-n. a pt.,p, and two windschief lines, a& and cd; rq. 
the line, pq, passing through p, cutting db and J_ to cd ; or, rq. 
the line, pt, passing through p and ± to both ab and cd. 

124. Gn. a plane, t'Tt", and two lines, ab and cd; rq. the 
line, pq, J_ to t'Tt" and intersecting ab and cd. 

125. Gn. a line", ab, and the ^8; rq. the line, pq, of H, 
which makes with ab the ^ 8. 

126. Gn. a pt., p, a line, db, and the 2C 30° ; rq. the line, pq, 
passing through p, cutting ab and making with Fthe ^ 30°. 

127. Gn. a plane, t'Tt", the lines ab and cd, and the dis- 
tance d; rq. the line, pq, \\ to t'Tt" at the distance d and 
intersecting ab and cd. 

128. Gn. two planes, t'Tt" and r'Br", a line, a6, and dis- 
tances m, m' ; rq. the pt. , p, of ab at the distances m, m', from 
iTif" and r'Br" respectively. 

129. Gn. three planes, t'Tt", r'Br", s'Ss", and the distances 
m, n, q; rq. the pt., p, at the distances m, n, q, from the three 
planes respectively. 

130. Gn. two pts., a,'b, the plane t'Tt" and the lengths Li, 
hi ; rq. the A, abc, constructed upon ab as a base, with sides 
diO, be, respectively equal to Li, L^, and with the vertex c in 
t'Tt". 

131. Gn. two pts., a, b, a line, mn, and an area. A; rq. a pt., 
c, in mn, so situated that the A aba shall have the area A. 

132. Gn. a line, ab, a pt., J9, and the distance d; rq. the 
plane, t'Tt", containing ab and at the distance d from p. 

133. Gn. three pts., a, b, c, no one of which lies in II or V; 
rq. a pt., p, in H, equally distant from a, b, c. 

134. Gn. two pts.,p, g',Jhe line ab and the distance d; rq.* 
the line, qr, through g, intersecting ab and at the distance d 
from p. 

135. Given two distances, D^, D^, and 

a) three pts.,p, q,r, 

b) two pts. , p, q, and a line, a6, 

c) one pt., p, and two lines, ab, cd ; 
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rq. o) a line, pt, through p at the distances Di, D^, from 

q, r, respectively, 
6) a line, pt, through p, at the distance A from q, 

and i>2 from ab, 
c) a line, pt, through p, at the distances Di, D^, from 

aib, cd, respectively. * 

136. Gn. four pts., a, b, c, d, not in the same plane, and the 
distances m, n,p,q; rq. a fifth pt:, x, whose distances from 
a, b, c, d, shall be as m : n :p : g, respectively. 

Take a, b, c, in H. How many solutions ? 

137. Gn. four pts., a, 6, c, d, not in the same plane and the 
distances m, n, p, q; rq. a plane, t'Tt", whose distances from 
a, b, c, d, shall be as m : n :j9 : g, respectively. 

Take a, b, c, in M. How many solutions ? 

138. Gn. three pts., a, 6, c, and the distances m,n,p; rq. a 
plane, t'Tt", whose distances from a, b, c, shall be m, n,p, 
respectively. 

How many solutions ? 

139. Gn. four pts., a, b, c, d, not lying in the same plane 
and the quantities m,.n,p, q ; rq. a fifth pt., x, whose distances 
from the planes abc, abd, acd, bed, shall be 

a) as m:n:p : q, 

b) equal. 

140. Gn. a pt., p, two windschief lines, ab, cd, and the ^ s 
S and d ; rq. a line, pq, passing through p and making with ab, 
cd, the '^a S, 6, respectively. 

141. Gn. a pt.,p, two planes, t'Tt", r'Rr", and the ^s S', S" ; 
rq. the plane, x'Xx", making with t'Tt", r'Er", the ^ s 8', 8", 
respectively. 

142. Gn. two windschief lines, ab, cd, and the !^ s /?', /S" ; rq. 
a line, pq, intersecting ab, cd, and making with them the ^s /?', 
^", respectively. 

143. Gn. a line, ab, and two pts., m, n ; rq. in ab the pt., p, 
the sum or difference of v^hose distances from m and n shall be 
a minimum or a maximum respectively. 

144. Gn. a plane, t'Tt", and two windschief lines, ab, cd ; rq. 
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the minimum line, pq, which is II to t'Tt" and cuts ab and 
cd. 

145. Gn. a plane figure, abc, etc., of n sides, whose area is 
A ; let the areas of its projections upon H, V, P, be Ai, A2, A3, 
respectively ; rq. to prove that A^ = A^ + A^ + A^. 

146. Of a trihedral angle, gn. a) a, p,{A + B + C), or 6) A, 
B,(a. + l3 + y);rq.a)y,A,B,C,b)C,u.,l3,y. 

147. Of a trihedral angle, gn. a, the '^ ei of elevation opposite, 
and the ^ £2 of elevation adjacent to the face of a ; rq. j3, y, and 
the 2C £3 of elevation. 

148. Of a trihedral angle, gn. u. and the adjacent ^s of ele- 
vation £2, £3 ; rq. /8, y, £1. 

149. Of a quadrahedral '^, S, gn. all the face ^s, a, p, y, 8, 
and the dihedral ^, A, lying between a and /8 ; rq. the complete 
projection of the quadrahedral ^ S. 

150. Of a quadrahedral ^, S, gn. a, j8, y, and the dihedrals 
O, D, both adjacent to the unknown face ^8; rq. the com- 
plete projection of the quadrahedral S. 

151. Of a regular tetr^thedron, abed, gn. the vertices a, b, and 
the 2C 45° as the inclination which the line cd, joining c and d, 
makes with H; rq. the tetrahedron. 

152. Given three concurrent edges, ab, ac, ad, of a parallel- 
epiped and the face ^ s, «, /3, 7, between ab, ac ; ac, ad ; ad, 
ab, respectively ; rq. the parallelopiped abcdefgh. 

153. Gn. two pts., a, h, as the opposite vertices of a cube, 
abcdefgh, and the ^ 30° as the inclination of the edge a& to ^; 
rq. the cube. 

154. Gn. a cube, abcdefgh; rq. the solid mno etc., formed 
by passing through the edges of the cube planes each J_ to the 
diagonal plane in which the edge lies. 

155. Gn. in fi^ a A, a'b'c', as the jET-pr. of a face of a regular 
tetrahedron, abed, and d, the distance above H of its centre, ; 
rq. the tetrahedron. 

156. Gn. two pts., a, b, as the terminations, of an edge of a 
regular icosahedrop, aqd the ^€ ; rq. the icQsabedron when one 
of ifs faces, abc, makes with H the ^e. 
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157. Gn. three pts., 6, c, d, as the terminations of three con- 
current edges, ab, ac, ad, of a rectangular parallelopiped ; rq. 
the projections of the parallelopiped abcdefgh. 

158. Of a hexagonal pyramid, S-abcdef, gn. the regular 
hexagonal base, abcdef, the radius, B, of the circumscribed 
sphere, the altitude, A, of the pyramid and the 2C /8 which the 
side Sa makes with 17; a plane, t'Tt", passes through the centre 
o, of the sphere, cutting from the edges Sa, Sc, Se, the equal 
lengths Sm, Sn, Sq ; rq. the projections of the truncated pyra- 
mid abcdef-mxnyqz. 

159. Of a quadrilateral pyramid, S-abcd, gn. the base, abed, 
in H, the ^ e which the face Sab makes with H, the '^ s Sj, 
§2, which the face Sab makes with the faces Sac, Sbd, re- 
spectively, and the area A ; rq. the pyramid S-abcd and a 
plane section, mnop, in the form of a parallelogram and of the 
area A. 

160. Of a pentagonal truncated prism, abcde-aibiCidiCi, there 
is given in H the base abcde, the face abafii and the ^ /3 
which the edges make with H; rq. the prism. 

161. Of a tetrahedron, abed, gn. the edges ab, ac, ad, be, bd, 
and the radius, B, of the circumscribed sphere, also an area, 
A ; rq. the tetrahedron, also a section, mnpq, in the form of a 
parallelogram and of the area A. 

162. Of a regular pentagonal pyramid, S-abede, gn. the alti- 
tude, A, the length, L, of the basal, edge ab, the plane of the 
base, t'Tt", which makes with JS the ^ 30°, and whose H trace, 
t'T, makes with G the ^45°, ab lies in t'T; rq. the prism. 

163. Of a hexagonal pyramid, S-abcdef, gn. the base abcdef 
in H, the length, L, of the edge Sa and the ^s a, ^, which 
the edges Sc, Se, respectively make with H; rq. the 
pyramid. 

164. Of a quadrilateral pyramid, S-abcd, with base in H, 
gn. the faces Sab, Sad, the ^ S between them and the 2C s ti, 
£2, which the faces Sbc, Scd, make respectively with H; rq. the 
pyramid and a section, mno, made by a plane, t'Tt", equally 
inclined to Sab, Sad and S. 
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165. Grn. a pt., a, as a vertex of a cube, abcdefgJi, the length, 
L, of au edge of the cube and a A, mno, in H; -rq. the prs. of 
the cube when the sides of the H-pv. are |( to mno. 

166. Gen. a pt., S, passing tlirough S, the lines Sm, Sn, Sp., 
and the lengths Li, L^; rq. a pyramid, S-abcd, with S for its 
vertex, with three lateral edges, ,S'a, Sb, Sc, lying in Sm, Sn, Sp, 
respectively, with the lateral edges Sa, Sb, equal to Li, L^, 
respectively, and with the base a rectangle, ahcd. 

167. Gn. a regular dodecahedron and an intersecting plane, 
t'Tt" ; rq. the figure of intersection, mno etc. 

168. Gn. an octahedron, abcdef, and an intersecting tetra- 
hedron, ghiJc; rq. the figure of intersection, mno etc. 

169. Gn. a regular dodecahedron and a concentric intersect- 
ing cube ; rq. the figure of intersection, mno etc. 

170. Gn. a cube; rq. the rhombic dodecahedron formed by 
truncating each edge with a plane passing through the ceutres 
of the four adjacent edges. Project the new solid, axonomet- 
rically, as given in 98. 

Section III. 

Progressive Course on Lines and Surfaces of an Order higher 
than the first. 

171. Given a parallelogram, abed; rq. by pts., 

a) the inscribed ellipse, 

6) the hyperbola with the diagonals of the O as asymp- 
totes and tangent to two opposite sides. Con- 
struct the principal axes, 
c) the parabola, tangent to ab at its middle pt., o, and 
passing through the pts., cd. Find the principal 
axis, ox, and the tangent at its vertex, oy. 
Make three different /I7 for a), &), c). 

172. a) Construct the ellipse as the envelope of tangents 

drawn in a gn. O, abed. 

b) Construct the hyperbola as the envelope of tangents 

drawn between two gn. intersecting lines, ab, cd, 
used as asymptotes. 
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c) Construct the parabola as the envelope of tangents 
drawn betweea two gn. intersecting lines, ab, cd. 

173. Gn. the principal axes, AA', BB', of an ellipse, or any 
two conjugate diameters, aa', y8/3' ; rq. the ellipse by circles 
about the principal axes or conjugate diameters. 

174. G-n. any two conjugate diameters, aa', /3fi', of an ellipse ; 
rq. its principal axes. 

175. Gn. the convex plane pentagon oibcde; rq. the ellipse 
determined 

a) by the five vertices as pts., 
6) by the five sides as tangents. 
Find the principal axes, AA\ BB', of the ellipse. 

176. Gn. the plane pentagon abode, in which the pt. e falls 
within the convex quadrilateral described with a, &, c, d, as 
vertices ; rq. the hyperbola determined 

a) by the five pts. as vertices, 

6) by the five sides as tangents ; the intersections of 

any sixth tangent, pq, with ab and oc, are to be 

determined. 

177. Gn. a A, ahc, and a direction, mn, in its plane ; rq. the 
parabola with axis || to mn, passing through a, &, c ; also the 
principal axis, ox, and thetangent at its vertex, oy. 

178. Gn. any four pts., a, 6, c, dl, in a 'plane and a tangent 
line, pq, passing through a ; rq. the conic section thereby de- 
termined. 

179. Gn. an oblique cylindrical surface with circular base in 
jffand the F-pr., a", of the pt. a upon it ; rq. a'. 

180. Gn. an oblique conical surface with circular base in V 
and the H-pr., a', of the pt. a upon it ; rq. a". 

181. Of a cylinder of revolution, abc-aJ)iCx, gn. the axis, 
00, and the radius, E, of the base, abc ; rq. the cylinder. 

182. Of a cone of revolution, S-abc, gn. an element, Sa, 
upon which it rests in H and the radius, B, of the base abc ; 
rq. the cone. 

183. Gn. an oblique cone, S-abc, with circular base in H 
and a pt., p, on its surface ; rq. the development, {S) — (a) (6) 
(c) , of the surface and (p) of the pt. — 
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184. Gn. an oblique half-cylinder, abc-afiyCi, resting upon 
H with concave side downwards and having circles as the 
F-prs. of its bases, also a pt., p, thereon ; rq. the development 
(a) (6) — (oi) (&]) in H of the cylinder and (p) of the pt. 

185. Gn. cones of revolution S-abc, with bases in H and 
planes, t'Tt", intersecting them at various angles with the bases 
abc ; rq. sections, mno etc., and their development in H, (m) 
(n)'(o) etc. 

186. Gn. an oblique cylinder, abc-aibiCi-, with base in H 
and a plane, t'Tt", intersecting the cylinder and ± to its ele- 
ments ; tq. the prs. of the intersection, mno etc. , and its de- 
velopment in fi"upon the trace t'T. 

187. Gn. an oblique circular cylinder, abc-aJ)iCi, with base 
in F" and an intersecting right-line, ab ; rq. the pts.,p, q, in 
which the line pierces the surface of the cylinder. 

188. Gn. an oblique circular cone, S-abc, with base in H 
and an intersecting right-line, ab ; rq. p, q, as in 187. 

189. Gn. a sphere with centre, c, in neither H nor Fand an 
intersecting line, ab ; rq. p, q, as in 187. 

190. Gn. an oblique circular cone, S-abc, with base in V 
and a pt.,p, upon its surface; rq. the plane, t'Tt", tangent to 
S-abc and containing p. 

191. Gn. an oblique circular cylinder, abc-OibiCi, with base in 
H, and a X>t.,p, upon its surface ; rq. a plane, t'Tt", as in 190. 

192. Gn. an oblique circular cone, S-abc, with base in H 
and a pt., p, in space ; rq. the planes, t'Tt", as in 190. 

193. Gn. an oblique circular cylinder, abc-afiiCi, with base 
in Fand a pt., p, in space ; rq. the planes, t'Tt", as in 190. 

194. Gn. a cone of revolution, S-abc, with axis || to G 
and a pt., p, 

a) upon its surface, 
6) in space ; 
rq. the tangent planes, t'Tt", containing p. 

195. Gn. a cylinder of revolution, abc-afiiC^, with axis || 
to G and a direction, mn ; rq. the tangent plane, t'Tt", \\ to 
the given direction. 
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Note. In exercises 196-9 and 202-7 the cones and cylinders are 
oblique, with circular bases, and mno etc., is the rg. figure of intersection. 

196. Gn. a coue, S-abc, with base in H and a direction, 
mn ; rq. the tangent plane, t'Tt", || to the given direction. 

197. Gn. a cylinder, abc-aibiCi, with base in V and a direc- 
tion, mn; rq. the plane, t'Tt", as in 196. 

198. Gn. a cylinder, K, with base in H and the ^ c ; rq. 
the tangent plane, t'Tt", making with Hthe '^ e. 

199. Gn. a cone, iS-abc, with base in H and the ^e; rq. 
t'Tt", as in 198. 

200. Gn. a developable surface with a helical directrix and 
a pt., p, on its surface ; rq. the tangent plane, t'Tt", contain- 
ing i>- 

201. Gn. a surface as in 198 and a line, ab, in space; rq. 
the plane, t'Tt", tangent to the gn. surface and || to ab. 

202. Gn. two intersecting cylinders, K, L, with bases in H; 
rq. mno etc. 

203. Gn, a cylinder, K, with base in V and an intersecting 
prism, P, with base in H; rq. mno etc. 

204. Gn. a cylinder, K, and an intersecting prism, S-abc, 
l)oth bases in H; rq. mno etc. 

205. Gn. a cylinder, K, with base in V and an intersecting 
cone, S-abc, with base in H; rq. mno etc. 

206. Gn. two intersecting cones, S-abc and Xi-stu, with 
bases in ff; rq. the figure of intersection, mno etc. 

207. Gn. a cone, S-abc, with base in yand an intersecting 
pyramid, X-stuv, with base in H; rq. mno etc. 

208. Gn. a sphere with centre, c, not in S'or V and a pt., p, 
in its surface ; rq. the tangent plane, t'Tt", containing J9. 

209. Gn. a sphere with c in G and a line, ab ; rq. the tan- 
gent planes, t'Tt", containing ab. 

210. Gn. a sphere with c in neither H nor V and a line, 
ab ; rq. the tangent planes, t'Tt", containing ab. 

211. Gn. an hyperboloid of revolution of one nappe and a 
pt., p, on its surface ; rq. the tangent plane, t'Tt", containing p. 
Assume the axis J. to H; also in the following exercises on. 
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surfaces of revolution. Construct the figure by revolving about 
the axis a line windscliief with respect to it. 

212. Gn. an ellipsoid of revolution and a pt.,^, on its sur- 
face ; rq. the tangent plane, t'Tt", containing p. 

213. Gn. any surface of revolution and a pt., p, thereon; 
rq. the tangent plane, t'Tt", containing p. • 

214. Gn. any surface of revolution and a line, ab ; rq. the 
tangent plane, t'Tt", containing ah. 

216. Gn. an ellipsoid and a pt.,^, without it ; rq. the tangent 
cone having p as its vertex, also rq. the curve of contact, mno 
etc. 

216. Gn. a sphere and an intersecting oblique cylinder; rq. 
the figure of intersection, Tnno etc. 

217. Gn. any two intersecting surfaces of revolution with 
axes intersecting ; rq. the figure of intersection, mno etc. 

218. Construct the general hyperboloid of one nappe, whose 
right section is elliptical ; also construct its asymptote cone. 

219. Construct the hyperbolic paraboloid, assume a pt., p, 
upon its surface and find the tangent plane, t'Tt", containing p. 

220. Gn. three space curves, ab, cd, ef, as directrices of a 
warped surface and a pt., p, in ab; rq. the rectiUnear ele- 
ment of the surface, pq, passing through p. 

221. Gn. two space curves, ab, cd, as linear directrices and 
the plane, t'Tt", as a plane directer of a warped surface; also 
given 

a) a pt.,^, in ab, 

b) a line, mn, in t'Tt", or |1 to it; 

rq. a) pq, the rectilinear element' of the surface passing 

through p, 
b) pq, the rectilinear element of the surface || to mn. 

222. Gn. a right-line, ab, -L to jffand the helix, cd, with ab 
for its axis ; rq. to construct upon these directrices the helicoid 
or screw surface, the rectilinear elements making with ab the 
^ 60°. 

223. Gn. a helicoid and a pt.,^, upon its surface; rq. the 
tangent plane, t'Tt", passing through the gn. pt. 
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224. Gn. an hyperboloid of revolution with axis ± to fl'and 
an intersecting plane, t'Tt" ; rq. the figure of intersection and 
its development. 

Section IV. 

Additional Exercises on lAnes and' Surfaces of an -Order higher 
than the First. 

225. Gn. a pt.,^, and a line, db; rq. the prs. of a circle, 
mno, whose centre lies in ab, whose circumference passes 
through p and whose plane, t'Tt", is ± to ab. 

226. Gn. a plane, t'Tt", and a pt., S, without it; rq. the 
prs. of the cone, S-abc, whose vertex is at S, whose circular 
base lies in t'Tt" and whose elements make with its axis the 
2^30°. 

227. Gn. in F a circle tangent to H and in H a pt., m; 
rq. a pt., o, so situated that the projection of the circle in H 
from o as a centre shall be an hyperbola with middle pt. m and 
an asymptote angle of 120°. 

228. Gn. in F a circle tangent to H and in ^ a line, ab, or 
a pt., m ; rq. a pt., o, from which as a centre the circle will be 
projected in jff as a parabola with ab as axis or with m as 
focus. 

229. Of a conic section gn. two tangents, ab, cd, the pts. 
m, n, as pts; of contact for ab, cd, respectively and 

a) another pt.,p, 
6) another tangent, qs ; 
rq. the section, its centre and principal axes. 

230. Of an hyperbola there is given an asymptote, ab, and 

a) three pts., c, d, e, or 

6) three tangents, mji, op, qr ; 
rq. the other asymptote, a^, the principal axes and the hyper- 
bola itself. 

231. Of a conic section there is known one of the foci, F, 
and a) three pts., a, 6, c, of the circumference, or 

&) three tangents, mn, op, qr ; 
rq. the section, its centre and its principal axes.- 
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232. A line, L, of unchangeable length, glides with its end 
pts. in two intersecting right-lines, ab, cd, A. to each other ; 
rq. the enveloped curve of L, the path of any pt.,p, upon L. 
What is this path ? Prove your answer. 

233. Gn. a A, a6c, of unchangeable form and in its plane 
two intersecting lines mn, op, with their 2^ = to the ^ c of 
the A ; the A moves with its vertices a, 6, in mn, op, respec-» 
tively ; rq. the locus of c ; of the centre, o, of the circum- 
scribed circle ; of the centre of gravity, g, of the A ; of any pt., 
X, of the A. 

234. Gn. a quadrilateral, abed, of changing form, the ver- 
tices a, b, are fixed, the sides be, cd, da, remain constant in 
length ' rq. the curve, mno etc., enveloped by the side cd, and 
the locus of the intersection of be, da. 

235. Gn. a circle, o, and a pt., p, in its plane ; rq. the locus, 
mno etc., of the intersections of all _Ls that can be drawn 
from p upon the tangents of the circle ; construct the tan- 
gent at any pt., q, and find the centre of curvature, p, for the 
same pt. 

236. Gn. two circles, o and o', in a plane and the ^ a ; rq. 
the locus of the intersection of all pairs of tangents, one from 
each circle, meeting at the ^ a ; solve when a = 76° or 90°. 

237. Gn. a right-line, ab, a pt.,_p, and a length, L; rq. the 
curve, mno etc., formed when p is joined with every pt. of a6 
and the length, L, is measured from ab upon these radii .vec- 
tores. Eq. the curve when L a) is greater than, 6) is equal 
to, c) is less than, the distance from j3 to ab. 

238. The same as 237 when a circle, o, is given, instead of 
the line aib. 

239. Construct a cycloid, also one of its undulating trochoids 
and one of its trochoids with double pt., also construct the 
evolute of the cycloid and a tangent at any pt. 

240. Construct an epicycloid, an undulating and a crossed 
epitrochoid a) when the radius of the fixed circle is double 
that of the rolling circle, 6) when the former equals the latter. 

tionstruct the evolute of the epicycloid in case a) and in 

( 
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case 6) show that the epicjxloid is identical with the cardioid 
of 235. 

241. Construct a hypocycloid, an undulating and a crossed 
hypotrochoid and the evolute of the first when the radius of the 
fixed circle is a) three times, 6) four times, c) two and a half 
times, as great as that of the rolling circle. Show that the hy- 
.^cycloid in case b) is identical with the envelope of a line of 
constant length moving with its ends in two right-lines _L to 
each other. 

242. Gn. a plane, t'Tt", and a pt., p, in t'T; rq. a complete 
branch of a cycloid having Tt" for its base and tangent to t'T 
at the pt. p. 

243. The axis So of a cone of the 2d order is given |[ to G, 
the planes' of the major and minor sections are || to V and H 
respectively ; rq. the focus lines of the cone and the three 
principal projections of its intersection with a sphere whose 
centre is at its vertex. 

244. Gn. two intersecting right-lines, ab, cd ; through ab 
there is laid a complete system of planes, and to each of these 
a -L plane containing cd. Examine the locus of the intersec- 
tions of the pairs of J_ planes, and find its intersections with H 
and V. 

245. Upon a sphere with centre o lie two pts., a, b; two 
great circles always at right angles to each other are moved 
along the surface of the sphere, one always passing through a, 
the other through 6 ; examine the locus on the sphere of their 
pt. of intersection. 

246. The directrix of a cone whose vertex is S, is a con- 
choid, abc, in H. This cone is cut by a plane, t'Tl", whose 
iT is _L to the asymptote of abc ; rq. the projections of the in- 
tersection, mno, and its true form, (m)(»i)(o). 

247. Gn. in if a parabola by its focus, /, and principal tan- 
gent, ab; the locus, def, of the intersections of _Ls from the 
principal vertex, A, with tlie tangents of the parabola, is taken 
as the directrix of a cone with given vertex, S ; rq. the inter- 
section, mno, of the cone with any plane, t'Tt". 
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248. Gn. an oblique cylinder with its elements || to a gn. 
line, a&, and its directrix a common cycloid in H; rq. a nor- 
mal section, mno, tiie true form of the latter, and for any pt., 
p, of mno the tangent, pq, and centre of curvature, p. 

249. Gn. a right-line, ab, a cylinder, abc-a-ibiCx, and a cone, 
S-def, none intersecting either of the other two ; 

rq. a) planes t'Tt", r'Rr", \\ to ab and tangent to S-de.fi, 

and their intersections, mno, mi«iOi, with the 
cylinder, 
6) planes t'Tt", r'Rr", |{ to ab and tangent to abc- 
afii&i, and their intersections, mno, mj^n^o^, with 
the cone. 

250. Gn. a cone of revolution with the diameter of the base 
equal to one-half the slant height, and a pt., a, upon its sur- 
face ; rq. the curve, abca, of shortest distance from a around 
upon the surface of the cone back to the pt. a again, and the 
tangent at any pt., b. 

251. Gn. two circular cylinders G, Gi, with bases equal 
circles in H and with elements so drawn that a^ plane | to both 
systems has its H trace || to the line joining the centres of the 
bases ; rq. the intersection, mno, of the surfaces ; project iso- 
metrically the solid thus cut out. 

252. Gn. a cylinder of revolution, C, and a cone of revolu- 
tion, R, with bases in H, with an element of G for axis of B, 
and with the plane of the axes of G and JS || to V; rq. curve 
of intersection, mno, and proof that its F-pr. is a parabola. 

253. Gn. two cylinders of revolution of equal normal sec- 
tion which pierce each other at right angles ; the axis of each 
cylinder is tangent to the cylindrical surface of the other ; rq. 
the figure of intersection, mno, its isometric projection, the 
development of one of the cylinders, and the tangent at the pt. 
p of the developed curve. 

254. Gn. two windschief lines, ab, cd, and in ab the pt. p ; rq. 
the prs. of a helix which has ab, cd, for principal normals and 
passes through the pt. p. That is, a^ cd, cut the helix at 
right angles and are tangent to the cylinder of revolution upon 
which the helix is wound ; rq. two spires of the helix. 
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255. G-n. a developable helical surface ; 

rq. a) its intersection, mno etc., with a plane passing 

through the axis. Assume axis X to B" and cut 
by a plane _L to F; 

6) its intersection, rst etc., with any plane, 

c) its development in H. 

256. Gn. a developable or tangential helical surface and 
upon it two pts., a, b ; rq. the shortest path along the surface 
from a to 6. 

257. Gn. two cones of revolution, C, C, with elements the 
same length, but with the diameter of the base of 0' one-half 
that of C ; their vertices are made to coincide and C is rolled 
externally upon C, the two surfaces always having one and only 
one element in common ; rq. one complete branch, mno, of the 
locus of any pt., a, in the circumference of the base of 0', 
also corresponding conical crossed and inflected epitrochoids. 

258. Gn. two windschief lines, ab, cd ; rq. two single sur- 
faced hyperboloids of revolution having a& and cd for axes and 
designed to work together tangentially, transmitting motions 

a) equal, 

6) in which the angular velocity of hj'perboloid db 
is to that of hyperboloid cd as 2:3. 

259. Gn. in space three windschief lines, ab, cd, ef; rq. the 
hyperboloid of one nappe constructed upon these lines as direc- 
trices, its axis and the ellipse of its gorge. 

260. Gn. two parabolas with the directions from their prin- 
cipal vertices to their foci exactly opposite and with their 
planes always at right angles. One parabola moves as a gen- 
eratrix with its principal vertex gliding in the other parabola. 
All positions of the two axes are || and all positions of the 
plane of the generating parabola are || ; rq. the surface 
described. 

261. Gn. a cone of revolution and a co-axial helicoid; rq. 
the intersection, mno etc., of the two surfaces. 

262. Gn. two windschief lines, ab, cd, and a line, L, of 
limited but fixed length longer than the common J_ of a6, cd. 
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L moves with one end in ah, the other in cd ; rq. the surface 
described and its intersection, mno etc., by a plane, t'Tt", _L 
to the common _L of ab, cd, at its middle pt., )o, and the devel- 
opment of mno etc., upon t'T. 

263. Gn. as meridian section of a surface of revolution two 
equal circles, the distance of whose centres is two-thirds the 
diameter of either circle, the axis of the surface being the com- 
mon chord. Intersect this surface by a plane || to its axis and 
bisecting the radius of its equator ; rq. the section, mno etc., 
which is a Cassinian curve. 

264. Gn. a complete spire of a helix and a sphere with 
radius one-fourth of that of the cylinder upon which the helix 
is, wound ; rq. the surface described when the sphere moves 
with its centre in the helix. 

265. Gn. a staircase vestibule 12 feet square and 14 feet 
high. A spiral staircase begins at the middle pt. of one side and 
ends on the floor above, after having wound through an arc of 
270°. It leaves an opening in the form of a cylinder of revolu- 
tion with axis vertical, whose shortest distance from any one of 
the three sides bearing the staircase is 3 feet. Each stair is 6 
inches high, and a balustrade two feet high, starting from a 
newel post at the bottom, win^ about the well-hole to the top ; 
rq. the projections of the staircase. Design the balustrade, its 
supports and the newel post according to taste. 



PART II. 

SUGGESTIONS, ANALYSES AND DEMONSTEATIONS. 

Section I. 
Point, Line, Plane. 

Problem 1. Figure 1 of the plates, shows in isometric per- 
spective the pt. a in space in the first quadrant and its pro- 
jections; Fig. 2 shows the orthographic transformation of the 
same. In general, a pt. will be found in some one of the four 
quadrants. The student will easily see the transformations 
to be made when the pt. lies in the second, third, or fourth 
quadrant. Special positions of the pt. will arise when it lies in 
some projecting plane, or ground-line, or plane bisecting the 
diedral angle between two planes of projection. 

Prob. 3. Fig. 3 shows in isometric perspective the line ab 
crossing the first quadrant, while Fig. 4 shows the same line in 
projection ; it will be noted that the H-pr. above G, or to the 
right of G2, is regarded as covered by F^ respectively P, and 
is represented therefore by short dashes ; similarly the F-pr. 
below O, or to the right of G2, and the P-pr. to the left of G^, 
or below G ; for 6*3 regarded as belonging to P coincides after 
transformation with G. The student should be careful to 
designate in each drawing the pts. h, v, p. In the line ab, h is 
the pt. of meeting of H, the S projecting plane of ab and its 
V projecting plane. The last and H form two intersecting 
planes, both _L to a third or V. Their line of intersection 
passing through h is therefore J- to V, therefore to G at the pt. 
where the F'-pr. meets G. Therefore to find h we have the 
directions given in Art 15, of Part III. Similarly for v and p. 
Special positions of the line occur when it is | to one or more 
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of the planes of projection, or lies in one or two of those planes, 
or in one of the bisecting planes of the diedral angles formed 
by au}' two of the fundamental planes. Kigorously taken there 
are eight angular spaces bounded by the three fundamental 
planes, but we shall understand by the four quadrants the four 
diedral angles formed by the intersection of H and V. 

Prob. 4. From this point on, the third projection may be 
omitted except in the special cases which require its use. 

Prob. 7. Lines lying in a plane || to P are not fully known 
unless their P-pr. is given or their v and h. 

Prob. 9. The line joining the H- and F-prs. of a pt. must 
always be J_ to G. 

Pkob. 11. Fig. 9 represents a cone of revolution with base 
in H and axis in V; a' is the inclination of tlie elements to 
H. Fig. 8 represents a cylinder of revolution with base in H 
and the axis not in V. Fig. 9 represents a spliere with centre 
in G. Fig. 10, a sphere with centre in space in the first quad- 
rant. Simple changes of these figures in position will solve 
problems 11 and 12. 

Note. The student will find that the ease with which a problem is 
solved depends greatly upon the skill with which tlie data is assumed. 
Study the simplest representations consistent with generality. Work also 
in the various quadrants and with various positions. 

Prob. 13. Take a'b' between h and G as the base of a right 
^d A, and the distance from -u to G as the ±. That is, from 
the pt. where a'6' cuts G draw in H an indefinite ± to a'b'. With 
the same pt. in (? as a centre and its distance to « as a radius, 
describe a circle till it intersects the A. drawn to a'b' in H. ^ 
This pt. of intersection joined to h gives L and its inclination 
to a'6' gives a. Proceed in the same way with a"b". 

Prob. 14. Since the line connecting two points in space is 
the hypotenuse of a right 2Cd A, of which the distance between 
the H or F-prs. is the base and the difference between the V 
or ^projecting lines the ±, it is sufficient to construct a right 
^d A with these legs. Or one pr. of the connecting line ab 
can be revolved about one of its extremities till || with G, when 
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the line in its new position will be || to the other plane and its 
new projection in that plane will be its true length. 

Prob. 17. One solution is shown in Fig. 11. 

Prob. 19. The ^ between the H-pr. and G is the pr. of a". 
Construct an ^ equal to a" and || to H, one side being in V 
and vertex at v. Revolve this ^ about a X to F" through v as 
an axis, until its H-pr. as shown by some pt. in the line coin- 
ciding with a pt. of the side of the ^, coincides with the given 
H-pr. The F-pr. belonging to this position fully determines 
the line. 

Peob. 20. Construct a rectangular parallelopiped with one 
face in H and one in V, such that the diagonal makes the '^ e' 
with the diagonal of the face in H and the ^ e" with the diag- 
onal of the face in V. Pass a || line through the pt. h. 

Prob. 21. Solve by first finding p'", using as an auxiliary 
line the bisector of the ^ between G^ and G^. 

Pkob. 22. The representation of a plane in space and in 
projection is shown in Figs. 5 and 6. It will be observed that 
when a line lies in a plane its traces, h, v, p, must always be 
found in the corresponding traces of the plane. 

Prob. 23. Use as an auxiliary figure any line of the plane 
containing the required pt. 

Pkob. 24. Use as auxiliary figures planes X to t'T and Tt". 
Revolve the intersections upon the H and V traces of these 
planes into H and V respectivelj'. Fig. 6 shows how «' may 
be found. A similar construction should be used for e". 

Prob. 27. Construct a right cone of revolution with axis in 
F'J. to -ff and elements making an 2(! e' with H; a plane tan- 
gent to this cone makes the required ^ with H. Upon the 
elements lying in V construct a right A right-angled at G 
and with opposite acute ^ = to ^; the hypotenuse will be the 
length of the F trace between the vertex of the cone and G, 
while the H trace will be tangent to the circular base of the 
cone. 

Prob. 28. Find the vertex of a cone of revolution whose 
axis is in V, base in H, inclination of elements to H, e', and to 
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whose base tT" is tangent. Tt" connects the vertex of this 
cone with the pt. in which «T intersects Q. 

Pkob. 29. The auxiliary cone now has its axis in IS and 
base in V. 

Pkob. 30. If a sphere be taken with centre in G and two 
cones of revolution tangent to this sphere, one with vertex in 
V, axis _L to JET and elements making ^ e' with H, the other 
with vertex in H, axis J_ to F and elements making ^ e'' with 
V, a plane tangent to both cones, i.e. whose traces pass through 
the vertices of the cones and are tangent to their bases will be 
II to the plane sought. The construction is given in Fig. 12. 

Pkob. 31. The revolution upon t'T rq. is shown in Fig. 6. 
Let the student solve the problem when the pt. alone is devel- 
oped. He should also solve the problem when K is greater 
than 90°. 

Pkob. 33. Eevolve into H upon the line (p) p' as an axis 
the rt. A p' (p) p". It will be seen that the basal 2C of this rt. 
A = -i^£'. Therefore bisect its hypotenuse by a J_ ; the iq. t'T 
must pass through the intersection of the _L with the base of 
the A and must be perpendicular to that base. 

Pkob. 35. The direction of the H trace is known, and since 
with the gn. '^ K-we can construct an auxiliary plane || to the 
rq. one with its S" trace passing through the developed pt., e' is 
known and the problem reduces to 29. 

Pkob. 36. When the '^ K is developed into H or V, the loci 
of the developed position of the rq. pt. will be lines || to the H 
and F traces at the distances m', m", respectively. The inter- 
section of these loci will be the developed pt. 

Pkob. 38. The line joining the H traces or V traces of 
the lines will be the H or V trace respectively of the plane. 
The 2(^ S is found by developing the plane and lines in H 
or V. 

The data necessary for determining a plane are given in Art. 
19 of Part. III. 

Pkob. 39. Develop the given plane and line, make the rq. 
construction and find the rq. line by counter-revolution. 
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Prob. 40. The first part is solved the same as the first part 
of 38 ; the latter part by development. 

The student should prove that the projections of two parallel 
lines are respectively parallel lines. 

Pkob. 41. Fig. 13 gives the solution. 

Prob. 42. The rq. plane is found by connecting the gn. pt. 
with any pt. of the gn. line and thus reducing that part of the 
problem to 38. 

Prob. 44. The gn. pt. is one pt. in the rq. line. With the 
distance of the F-pr. of the pt. from G* as a _L and S as a basal 
angle form a rt. A. With the base of this as a radius and 
the if-pr. of the pt. as a centre, describe the base of a cone of 
revolution. Its intersection with, the H trace of the gn. plane 
is a second pt. in the rq. line. 

Prob. 45. i'Tmust pass through h and mast be tangent to 
the base of a cone of revolution whose axis is the X from v to 
G and one of whose elements is the J_ from v upon t'T. 

This element is found by revolving ah upon a'h' into H, con- 
structing through h a line making the ^ 8 with afii and taking 
the perpendicular from the revolved position of v to afii. Know- 
ing the axis and element of the auxiliary cone, the radius of the 
base is easily found. With this radius and with the centre at 
the foot of the X from v to (7, a circle is constructed. The 
rq. H trace passes through h and is tangent to this circle. The 
F trace passes through v. 

Prob. 48. Construct the line cut out from the gn. plane by 
the If or Fprojecting planes of the line. The intersection of the 
F-pr. or ^-pr. of this line with the F-pr. or ^-pr. of the given 
line must indicate an actual intersection in space and be one 
pr. of the pt. sought. When the gn. line lies in a plane ± to 
Q, its h and v must be given and the problem is solved by 
using this ± plane as a third plane of projection. Fig. 14 gives 
the first of the four rq. eases when K is obtuse. m"w" is 
the F-pr. of the line of t'Tt" cut out by the H projecting 
plane of ah. q'r' is the 7f-pr. of the line of t'Tt" cut out by 
the Fprojecting plane of ah. 
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Pkob. 50. Since the gn. line is _L to the rq. plane, the 
directions of the rq. traces are known by Part III., Art. 24. 
Through the gn. pt. p draw a line || to the H ot V trace of the 
rq. plane. This auxiliary line must be a line of the rq. plane 
and the pt. where it pierces the V or H plane must be a pt. in 
the V ox H trace of the rq. plane. One pt. in either trace 
being known, the plane is known. 

Peob. 51. The h or v traces of the gn. line and the con- 
structed J. determine the H or V trace of a plane ; this trace 
may be used as an axis upon which to revolve the angle of the 
lines ah and ph into H or V- 

Prob. 53. The rq. line must be an element of the cone of 
revolution whose vertex is at the gn. pt., whose axis is J_ to 
H and whose elements make the ^ 8 with H. Construct such 
a cone. Then to determine which element, pass a line through 
the vertex of the cone _L to the gn. plane. Find the pt. in 
which it pierces H. This _L must make wifh the rq. element 
an 2f! = 90°— 8. Construct a A, one of whose sides shall be the 
true length of the -L to t'Tt" from p to H\ the second, the true 
length of an element of the cone ; the included ^ = 90°— 8. The 
third side is the distance from the foot of the i. to the foot of 
a rq. element. How many solutions ? 

Prob. 54. When the // and V traces respectively intersect 
within the limits of the paper, their pts. of intersection are the h 
and V of the rq. line of intersection. When the H and V 
traces do not so intersect, pass auxiliary planes II to V and at 
such a distance that the F-prs. of the lines cut from the gn. 
planes do intersect within the necessary limits. Two of these 
intersections will determine the F-pr. of the line of intersec- 
tion. A similar construction will determine its ZT-pr. Other 
auxiliary constructions will occur to the thoughtful student. 

Prob. 55. Draw the H trace of an auxiliary plane ± to the 
line of intersection of the two planes. In order to determine by 
revolution upon this H trace the plane angle of the two planes, 
it only remains to find where the line of intersection pierces 
the auxiliary plane. 
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Revolve the line of intersection upon its H-pr. into S. A J, 
let fall upon the revolved line of intersection from the pt. of 
intersection of the auxiliary H trace with the -ff-pr. of the line 
of intersection, will determine the required pt. Revolve the 
auxiliary plane upon its H trace into //. The developed pt. of 
piercing joined with the pts. in which the auxiliary If trace 
crosses the If traces of the given planes, will form the angle 
sought. A similar construction may be made in V. 

Prob. 56. Assume a third plane _L to If or Fand the ^or 
F" traces of the gn. planes. Revolve this auxiliary plane upon 
its H or F trace into Hot V- The distance of the lis cut out 
is the requu-ed distance. 

Prob. 67. Solved by an auxiliary line through a pt. in ab 
and II to cd, thus giving two intersecting lines to determine the 
rq. plane. 

Prob. 58. Two auxiliary lines are passed through the gn. 
pt., p, II to the gn.' lines, ab and cd. 

Prob. 59. If through ab a plane he passed II to cd, by 53, 
and cd be projected upon this plane, it is evident that the pt. 
in which this pr. cuts ab is the foot of the common J. of the 
two lines. 

Therefore, as in 53, construct a plane containing ab and II to 
cd. From any pt. of cd draw a J_ to the plane and find its 
foot. The line through this foot II to cd is the pr. of the latter 
upon the plane and the pt. where this pr. intersects ab is the 
foot of the rq. common _L. The latter is found by drawing 
from its foot a X to the plane and limiting this -L by the plane 
and cd. 

Prob. 60. a) If through the gn. pt. and each of the gn. 
lines planes be passed, their intersection will be the rq. line. 

b) Through p and any pt. of ab pass an auxiliary line mn. 
Find the pts. where ab and mn pierce the -Ef projecting plane 
of cd, call these pts. x, y, respectively. The line xy must be 
the intersection of the plane of ab and mn with the H project- 
ing plane of cd. The intersection of a;"y" with c"d" must be 
the F-pr. of the pt. q, where cd pierces the plane of ab, mn. 
Join p and q. Find a proof of yonr work. 
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Pkob. 63. Draw through p a line II to any line of t'Tt". 
The traces of r'Rr" must pass through the traces of this line 
and be II to the traces of t'Tt". 

Peob. 64. Consider the gn. line the line of intersection be- 
tween the gn. and rq. planes and reverse the process of 51. 

Pkob. 65. If any pt. of the gn. line be chosen except its 
foot in the gn. plane and this pt. be taken as the vertex of a 
cone of revolution whose axis is _L to the gn*. plane and whose 
elements make with that plane the '^ 8, it is evident that the 
tangent to the base of this auxiliary cone from the pt. where 
the gn. line pierces the gn. plane, will be a second line for the 
determination of the rq. plane. Therefore, find the pt. where 
the gn. line pierces the gn. plane. Choose another pt. of the 
line and find where the _L ffom this pt. to the gn. plane pierces 
the latter and the length of that ±. The latter with the ^ 8 gives 
the radius of the base of the auxiliary cone of revolution. De- 
velop the plane- with the pts. found into H or V. Construct 
the base of the cone and the rq. tangent. By counter-revolu- 
tion the two necessary intersecting lines will appear. 

Peob. 66. Consider the gn. pt. the vertex of a cone of rev- 
olution whose axis is -L to the gn. plane and whose elements 
make the ^ fi. with that plane. Find the axis of this cone, the 
radius of its base and the pt. where its axis pierces the gn. 
plane. In the developed position of the gn. plane find the pt. 
in which the base of the cone cuts the gn. line. By counter- 
revolution two pts. wiU appear for determining the rq. line. 
In general, two solutions. 

Peob. 67. Designate the face 2(^s by a, p, y, then- opposite 
dihedral ^ s by ^, B, C. Assume one face ^, as /3, in if with 
the edge between a and /3 _L to G*. Construct the ^ a in if 
adjacent to and on one side of /3 ; the ^ y in fl" adjacent to 
and on the other side of y8. Let the common vertex of a, ^, 
y, be 0. This will be the vertex of two cones of revolution, 
any pt. besides (0) in whose common element is sought. To 
obtain a second pt. we determine where this common element 
- the edge between a and y - pierces F. The locus of this 
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pt. in V on the side of a is a circle, the base of a cone of 
revokition, whose axis is on one side of the 2^ u, and generat- 
ing element the other side. If the length of this generating 
element be laid off on the outer side of the 2C y, the distance 
from its extremity to the intersection in G of the edge between 
^ and y will be the distance from the latter pt. to the rq. pt. 
in V. The ^ will be directly gn., while the ^s A and B 
are found by methods already explained. 

This problem is constructed in Fig. 15. 

Peob. 68. Let «,, /3, C, be given in positions described in 
67 ; the trihedral is easily found by a slight modification of the 
same problem. 

Prob. 69. Let a, fi, A, be the three parts given as above. 
By reversing the operation of finding A in 68 the F" trace of 
the face ^ y will be known, and if the data are so taken that 
the problem is possible, the pts. (in general two) of the inter- 
section of the tbird edge with V are known. 

Prob. 72. Place the ^ A in position, its edge being in Hd. 
to Q. There will then be two planes in position, one in H con- 
taining the yet unknown face ^ p, another J^to V, making 
the ^ A with H and containing the unknown face '^ y. Tan- 
gent to the latter plane construct an auxiliary sphere with its 
centre in G. Tangent to this sphere construct two cones of 
revolution with axes in V, the elements of one making with H 
the ^ C, the elements of the other making with the plane of 
y the ^ B. Both vertices of thesfe cones must lie in V and 
must be pts. in the trace of the rq. plane. The F trace of the 
latter is therefore known, and also its H trace, since this is 
tangent to the base of the first auxiliary cone. Find a, j8, y. 

Fig. 16 gives the solution. 

Prob. 73. Construct an auxiliary trihedral with a and (/8 -|-y) 
adjacent face ^s and C tlie included dihedral. Let (/3 -|- y) be 
taken in H and the edge of the dihedral be _L to G. Lay off 
from upon the outer side of (^ -f- y) a line equal to the outer 
side of a between and G. A line joining the pt. thus deter- 
mined with the V of the upper edge of the auxiliary trihedral 
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will form the base of an isosceles triangle. A plane through 
_L to this base gives the necessary division of (y3 + y). 
Why? 

Peob. 74. This problem is an easy modification of 73. 

Peob. 75. In finding the F-pr. of the pentagon it will be 
most direct to use as auxiliary lines of the plane those whose 
JT-prs. pass through a', b', c', d', e'. 

To find the true figure, take a line II to ^through some con- 
venient vertex of the F-pr. Join the corresponding pts. in H. 
This will be an axis upon which the figure is to be revolved 
until it is II to H, when it wUl be projected in H in its true 
magnitude. 

Prob. 76. Find the F-pr. of the pts. d, e, by using the 
Axis of Affinity of the two prs. of the pentagon. This axis 
may be defined as follows : when two plane figures are so 
related that the intersections of homologous sides lie upon 
one right line, the latter is called an Axis of Affinity. The 
most general proof for its existence depends upon the following 
theorem of Desargues : — 

" If each of two triangles has one vertex in. each of three 
concurrent lines, then the intersections of corresponding lines 
lie in a line, those sides being called corresponding which are 
opposite to vertices on the same line." 

This proposition is conveniently demonstrated by the methods 
of Projective Geometry. Such a demonstration^ may be found 
on page 394 of the tenth volume of "Encyclopedia Britan- 
nica." 

In Fig. 16 let ABC, A'B'O', be two A with lines a, b, c, 
through homologous vertices meeting in S ; then the homologous 
sides meet in some right line as Si, S^, Sg. This will stiU be 
true when S retreats to infinity and a, b, c, become parallel 
lines, as always occurs in any two orthographic prs. of a plane 
figure. It also follows that for any pr. of a plane figure and 
the corresponding development of the figure, the axis of de- 
velopment must be an axis of affinity. 

Prob. 76 is solved in Fig. 17. 

I See also Chauvenet's Geom. p. 342. 
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Prob. 77. Let the side of known length be the side ab, 
having an extremity in the vertex a. The H-^r. and true 
length of this side being known, its F-pr. is known and the ^ 
it makes with H. Pass an auxiliary plane through a J. to a6. 
The inclination of this plane to H is the complement of the 
inclination to H of ab. The other side, ad, having an extrem- 
ity in the vertex a, must lie in this plane. By developing the 
latter on its H trace the true length of ad is known and thus 
the whole figure. 

Prob. 78. Construct the sm-face right line passing through 
the vertex and the F-pr. of the pt. The ^-pr. must lie in this 
line. The base of the pyramid is assumed in H. The con- 
struction is carried out in Fig. 18. 

Prob. 79. With the vertex as a centre revolve the F-pr. of 
the lines forming the edges until they are II to H, when the 
jET-prs. wiU be the true length and will show the inclinations. 
In the development place the triangles foiTaing the lateral sur- 
face adjacent to each other in F The inclinations of the faces 
to each other are found by 55. 

Prob. 80. Construct the lateral faces in H, each upon its 
basal side. The vertex of the tetrahedron is found by revolv- 
ing any two of the developed lateral faces upon their bases 
until their vertices unite. 

Prob. 81. Take the base in H and construct adjacent to this 
in its proper position the developed face sab, whose edges are 
known. The H-pi. of the vertex s must lie in the ±, or the 
_L produced, drawn from the vertex of this face to its base, 
ab. The J_ itself is the hypotenuse and the gn. altitude the ± 
of a rt. A whose base is the distance from ab to the H-pr. 
of s. 

Prob. 82. Place the three face ^s a, p, y, adjacent in H. 
The bases of the triangular faces in the developed position must 
all be tangent to the circle whose centre is at the developed 
vertex and whose radius is the X distance from this centre to 
any basal edge. Therefore each face ^ must be divided into 
two segments, each of which must be equal to the divisions 
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lying adjacent in the adjacent face 'if. Let the divisions of a 
be X and y. These two equations must then be true : 

ii a 

The known base is then introduced X to the dividing line of 
its face. The construction for the remaining two bases easily 
follows. In dividing a care must be taken to place the greater 
of the two divisions adjacent to the greater of the two remain- 
ing face ^s. 

Pkob. 83. The dihedrals can be found by Prob. 67. If the 
known lateral edges and inclination belong to the same face, the 
base is directly introduced. If not, the problem is reduced to 65. 

Pkob. 84. Take the base in H. The centre of the circum- 
scribed sphere must lie in the -L erected to the base at its 
middle pt. It must also lie in a plane constructed J_ to a lat- 
eral edge at its middle pt. It must, therefore, be the pt. where 
the _L pierces the plane. The radius is the distance from the 
centre thus found to any one of the vertices of the tetrahedron. 

Peob. 85.. Take in H one face which we will call the base. 
Conceive three planes to be passed bisecting the basal dihedral 
angles of the tetrahedron. A new tetrahedron is thus formed 
whose vertex is the rq. centre. To find the auxiliary solid, 
intersect both tetrahedrons by a plane II to H. By means of 
planes _L to the basal edges construct plane 2Cs measuring 
the basal dihedrals of the gn. tetrahedron and revolve these 
into H together with the lines cut out by the plane II to H. 
If through the pts. where the bisectors of these ^s pierce the 
II plane lines be di-awn II respectively to the basal edges of the 
tetrahedron, two pts. will be known in each of the three lateral 
edges of the auxiliary tetrahedron, therefore its vertex (the 
rq. centre) will be known and the rq. radius. 

Peob. 86. In each construction assume a face in H, one of 
whose sides is the gn. edge, ah, while no side of the base is 
II or ± to O. 

a) The construction of the regular tetrahedron presents no 
diflSculty. In this and succeeding solids consider each pr. by 
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itself and use short clashes for those prs. where the Hues in 
space are hidden or covered by the solid. 

6) It will readily be seen that the boundary of the if-pr. of 
the regular octahedron is a regular hexagon, the F-pr. a paral- 
lelogram. 

c) Note first that there are four sets of vertices, three in 
each set, at four different altitudes, found therefore in V in 
four different rows. Then note that each set are the vertices 
of a regular A, that a ± erected to the base in H at its middle 
pt. passes through the centre of all the A named and, there- 
fore, that all the vertices fall in H in two concentric circles, 
forming therein the vertices of two similarly situated regular 
hexagons. To find the radius of the larger circle note that the 
three vertices nearest the base are the vertices of three regular 
pentagonal pyramids, the bases of which may be represented 
in H, each adjacent to a different side of the base of the solid. 
From this position revolve the pentagons upon the adjacent 
sides of the base of the solid as axes until the projected ver- 
tices of the pentagon nearest the triangular base meet in pairs 
upon the produced medial lines of the latter. Any one of the 
pts. thus described determines the radius sought. The lowest 
three vertices lie in H; therefore their F-prs. are in O. The 
next set are the vertices of the pentagonal pyramids mentioned 
above. If the altitude of the fundamental A be taken as an 
hypotenuse and the altitude of the S-pi. of a A adjacent to 
the base be taken as the base of a rt. A, the J_ of the latter 
will be the distance of the second set of vertices above G. 
The second vertical distance is foupd in a einjilar way, while 
the fourth set of vertices are as high above the second as the 
third are above the first. Fig. 19 gives a porjvenient method 
for describing a regular pentagon when the lengtli of qne side 
AB is given. Give the algebraic proof that it is correct, The 
construction for the ieosahedron is given in Fig. 20. 

d) The method of procedure with the dodecahedron is very 
similar to that of the ieosahedron, except the work is somewhat 
simpler. The chief dilference is found in the fact that the 
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H-pr. of the vertices of the former are the vertices of two 
regular dodecagons. 

Prob. 87. The direction of ac is found by Prob. 20. The 
direction of the adjacent edge, ab II to S, can be found by 
Prob. 45, the gn. ^ being an ^ of a regular pentagon. These 
two lines determine the position of a plane upon which a dodec- 
ahedron sa,tisfying the conditions may be placed. Develop the 
plane in If. Construct a regular dodecahedron with upper face 
in H, one side of this face being assumed II to the If trace of 
the plane. The counter-revolution solves the problem. This 
operation is readily effected by utilizing the fact that the ver- 
tices lie in four planes whose distances apart are known. 

Prob. 89. Find the pts. where the edges of the pyramid 
pierce the plane and join these in their proper order being 
careful to observe the rule with reference to covered lines, or 
find the lines in which the planes of the faces intersect t'Tt". 
Portions of the lines form the sides of mno. 

Pbob. 92. Join the vertex S with any pt. of de. These 
intersecting lines determine an auxiliary plane. If the line 
pierces the pyramid and the base of the latter is in H, then the 
^ trace of the auxiliary plane cuts the base, abc, in two points 
which are to be joined to S. The lines thus determined are the 
section of the auxiliary plane and pyramid and cut the gn. line 
in the rq. pts., m, n. 

Peob. 93. Proceed in this problem as in 92, except that 
the auxiliary plane is determined by passing through any pt. 
of de a line II to the lateral edges of the prism. 

Prob. 94. The auxiliary planes of simplest section must 
pass through both vertices. Therefore determine the pt. in 
which a line joining the vertices S and T pierces H. The H 
traces of auxiliary planes are then passed through this pt. and 
the foot pts. of the edges of the intersecting surfaces. If any 
one of these planes cuts both solids there will lie in it right 
lines passing through S and T, cut from both surfaces, and 
their mutual intersections will be the salient pts. in the rq. 
figure, mno etc. Only those portions of the intersection are 
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to be represented as visible in either pr. wliicli are visible in 
each solid taken independently-. 

Pkob. 95. Through any pt. in space pass two lines II respec- 
tivelj' to the edges of abcd-afijCidj^ and xyn-x^y-^z^. The V 
traces of auxiliary planes to be used as in 94 will be II to the 
V trace of the plane of these two lines. 

Prob. 96. A construction similar to the one required is 
given in Fig. 21. A line is passed through the vertex S 
parallel to the lateral edges of the prism. The H a.nd. F traces 
of the rq. auxiliar3- planes pass through h and v, respectively, of 
this line. 

Prob. 97. Put the plane in. position and construct unit 
rectangular axes || to ffj, G^g, 6*21 respectively. From the ex- 
tremities of these axes let fall Ji upon the plane and find the 
pts. of piercing. Develop the plane together with these pts. 
into H. 

Prob. 98. Every face of a regular dodecahedron is pierced 
at its vertices by Ave edges of the solid, one at each vertex. 
If these edges be produced, they meet in vertices of regular 
pentagonal pyramids over the centres of the several faces. 
The entire figure thus derived is the star-dodecahedron and 
the new vertices are the vertices of a regular icosahedron. 
In a similar way the regular dodecahedron may be formed 
about the icosahedron. These two solids are therefore called 
reciprocal. To project the star-dodecahedron as rq., the di- 
rections of the axes are first found by assuming oz in any 
convenient position. Lay off, then, from o two axes whose 
directions make with oz 2Cs = to 90° — arc tan (yL) for ox 
and 90° — arc tan ( \) for oy. Construct the dodecahedron 
orthographically with one edge || to O. The vertices of the 
rq. figure are found by taking the z distances without change ; 
while for the new x and y distances ^ and \, respectively, of 
the old distances are taken. 

Fig. 22 shows the axonometrical pr. of a cube in the sj-stem 
given above. The meaning of this pr. is this : a plane is 
inclined to the regular planes of pr., as in 84, and is so taken 
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that the orthographic pr. upon it of any figure in its simple 
descriptive position closely resembles central perspective and 
for mechanical purposes can be used in place of the latter. 
The most common form is the so-called isometric pr. In this 
the unit rectangular axes remain equal lines and make angles 
with each other of 120°. Figs. 1, 3, 5 are examples of its use. 

The six exercises which follow are closely connected with the 
branch of Descriptive Geometrj' here referred to and may be 
employed in determining the positions and relative projected 
lengths of unit rectangular axes under given conditions. 

Peob. 99. On any side of the A abc, in Fig. 23, as 6c, lay 

off the A a'bc similar to the A mno and draw the circle K 

passing through aa' and having its centre in be. ^cuts bo in 

two pts.,-d', e', which form with a and a' two rt. A, dae 

and da'e, whose acute angles are of different magnitudes. Let 

the ^ aed be greater than the ^ a'ed'. We take ae as the axis 

of aflfinity E, assume the projecting rays J. to E, lay off -the 

ad' 
2C aed' = a in a'ed and take the ratio of foreshortening = 

In the pr. system so determined the A ab'c', coiTesponding to 
the A abc, is the A rq. For the rt. A a'ed and aed' are 
similar ; therefore the ^ a'de = 2C ad'e and we have the con- 
tinued proportion : a'd : de : dc : db = ad' : d'e : d'c' : d'b'. There- 
fore the A a'de and ad'e are similar ; hence a'bc and ab'c' are 
similar. 

Peob. 100. The solution is shown in Fig. 24. Let a'b'c' be 
the given H-Tpr. of the A abc. Upon its base b'c' construct db'c' 
siMlar to mno. With centre in b'c' construct the circle K 
passing through a' and d and intersecting b'c' in e and /. Com- 
plete the right A a'fe and dfe. Conceive/ to move in a line -L 
to H, a'e being taken as the axis of affinity, E ; b' and c', as ver- 
tices of the A a'b'c', will also move in a line -L to H, while the 
same pts., as vertices of the A db'c', will remain fixed. When 
a'fe is similar to dfe, then will abc in space be similar to db'c'. 
Therefore construct the A aiSi/i upon a^ei = a'e and similar to 
def; then will fti/i be the hypotenuse and aj/u = a'f the base 



52 DESCRIPTIVE GEOMETRY, 

of a rt. A whose perpendicular /u/m will be the altitude 
above H of the vertex / of the A afc when a remains in H. 
Thence can be easily deduced the corresponding altitudes of 
b and c. 

Prob. 101. The proof for the following method is by 
quaternions and may be found in the seventeenth volume of 
" Zeitschrift fur mathematischen und naturwissenschaftlichen 
Unterricht," page 481. In Fig. 25, let 0"A", 0"B",he the 
F-pr. of two concurrent edges of a cube. Make 0"A"M simi- 
lar to 0"A"~B" and c omplete the O 0"MNB". It will be 
noticed that 0"A" = ^0"B" x 0"M. Lay off 0"P= to 0"!^, 
but in the opposite direction. Bisect PO"B" and lay off 0"G" 
= ^0"P X 0"B". 0"G" wiU be the quantity sought. It wiU 
be observed that these axes, when taken positively and nega- 
tively through 0", fonn the concurrent edges of eight equal 
cubes. 

Probs. 102, 103 and 104. These are insti'uctive varia- 
tions of 101. 

Section II. 

Lines and Surfaces of an Order higher than the First. 

Pkob. 171. a) For the ellipse take in Fig. 26 the medial 
lines AA', BB', of the O as axes. Draw lines CJVII to the 
diagonal DO. Connect pts. C with A, pts. N with A'. The in- 
tersections P of corresponding lines are pts. upon the rq. in- 
scribed ellipse and BB', AA', are conjugate diameters. For, 
draw PM, PF, II respectively to BB', AA'. 

Let OA = a, 0B = b, 0M= x, OF=y; 
ON CD 



OB' OA 



ON=qb, CD = qa. 



ON^^MP . qb^ y 

A'O A'm' ' ' a~a + x' 

OS^MP . b_^Jl 

CD MA ' ' qa a — x 
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Multiph'ing the first result by the second, member for member, 

~2 = 2 V • • • ay + &^a!^ = a^&S 
the well-known equation of the ellipse. 

V) For the hyperbola take axes in Fig. 27 as in the ellipse, 
draw lines N1>P II to the diagonal OE ; through the pts. W draw 
lines JVC" II to the other diagonal OD. The intersections P of 
lines ^^with their corresponding lines A'G are pts. of an hy- 
perbola; for, let OA = a, OB=b, OM=x, OF=y; 

ON' DC ON rir, r^-KT J, 

DC _ AM qa_ x — a 

DA ~ MP ' ' ' b~ y 

A'O ^ A'M . a ^ x + a 

ON MP ' ' ' qb y ' 

Multiplying these two equations together member for member, 

, a^ 3? — a? . 

we have — -= -— . 

b' y' 

whence a^ — 6W = — a?W, the equation of the x hyperbola. 

c) For the parabola take in Fig. 28 for the origin and Ox 
and Oy for axes. Draw AM and II to AM, right lines NE. 
Through the pts. N draw lines II to Ox; join pts. E with 0. 
The intersections P are pts. of the parabola passing through 
0, C, D, and having Ox for a diameter and Oy for a tangent 
at the vertex 0. 

LetO^ = &, OM=a, FP=qb, AE=qa;-^=~ 

LetFP=y and OF=x; then ^ = — , also, y = qb; 

X qa 

7,2 

by multiplication j/^ = — x, the equation of the parabola. 

Prob. 172. a) Let Fig. 29 represent a circle and circum- 
scribe'd square : we wish to find pairs of pts. in the square which 
determine rectilinear tangents to 'the circle. Let a tangent with 
the pt. of tangency k cut ab and ad in the pts. p and q. 
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Let up =x, qa = y. 
In the rt. A apq we have 

pa =r — x (r = radius) , pq=pk + 'kq = x+ r — y, 
pq^=pa + qa or = (a; + r — j^)^ = (r — xf + f. 
2 rx 
r + x 

Draw the chord su ; through p draw the parallel to uv, cutting 
su in r ; then draw 69- which cuts ad in some pt. q' whose dis- 
tance from a we will designate by y'. . . . Then because 

bp : p7- : : ab : aq' 
or r + x:x:2r::y', 

we have y' = ■• .-. q falls upon q'. 

r -\-x 

For the pt. of tangency, Tc, pJc=:pu, also mp and v7c are _L to 
uJc and .-. II, .•. the intersection, g, of vJc and ms lies upon pr. 
The parallel projection of a circle is an ellipse, while parallels 
will remain parallel, tangents will remain tangents, etc. There- 
fore the parallel projection of Fig. 29 will give the construc- 
tion in the upper left-hand quadrant of Fig. 26 for an ellipse 
determined as the envelope of a system of tangents. 

b) If a A of constant area be cut off by a moving line from 
two fixed intersecting lines, we know from Analytic Geometry 
that the envelope of the moving line is an hyperbola and that the 
middle pt. of the line is in every position the pt. of tangency. 
Taking the intersecting lines as axes, the included angle as </>, 
K as the constant area of the A and x and y as the intercepts 
upon the axes, we have for the middle pt. of the moving line 
^x-^y- sin 4>=2k. .•. a^ = constant, the equation of an 
hyperbola referred to its asymptotes. 

c) If two intersecting lines are divided into equal pai-ts the 
pts. on one line beginning at the pt. of intersection being 
numbered from 1 to n, on the other from m to ,1, and like num- 
bers are joined by right lines, there will be formed the envelop- 
ing tangents of a parabola. The proof is from Projective 
Geometry. 
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Prob. 173. When the principal axes, AA', BB', are given, 
and ciix-les are described about them as"Tdiameters, a pt. upon 
the ellipse may be found as follows : Draw any line from the 
common centre intersecting both circles. From the outer pt. of 
intersection let fall a J. to the major axis, from the inner a J_ 
to the minor axis. The pt. of intersection of the Js is the rq. 
pt. For construction, see Fig. 30. When conjugate diameters 
are given, the method by circles is shown in Fig. 31. 

Peob. 174. The construction of this problem is shown in 
Fig. 32. It is from Parallel Projection, and is known as the 
Shadow Method. Let aa! and ^/8' be the gn. conjugate axes. 
Through yS draw E II to aa'. E must be tangent to the ellipse 
whose axes are required and is taken as an axis of afiinit}-. 
From p erect fie A. to E and = -^ aa' = ao. With c as centre 
and c/3 as radius, describe the circle K. The ellipse Ki is the 
II pr. of K. All pairs of diameters ± to each other in K will 
be projected as conjugate diameters in Ki. The pair of _L 
diameters of ^ which remain ± in ^i, are the principal diam- 
eters of the ellipse. Pass through o and c a circle, K', with 
centre in E. The ± diameters a-a', bb', of K remain ± in Ki 
and are in projection the principal diameters AA', BB\ sought. 

Prob. 175. It is a fundamental proposition in transversals 
that if a right line intersect the thi-ee sides AB, BC, CA, of a 
A ABC, or those sides produced in pts. Pi, P2, -P3, respec- 
tively, then the product of three non-adjacent segments equals 
the product of the other three ; or 

APrBP,-CP, _-^ 
BP^.CP,-APs 

and conversely, when the above relation holds, P^ Pj, Pg, are 
in one right line. Starting from this proposition, we shall prove 
Pascal's proposition applying to his so-called Hexagramma,tica 
Mystica. The proposition is this : if six pts. lie on the cir- 
cumference of a circle and an inscribed convex or re-entrant 
hexagon be formed with these pts. as vertices, then the opposite 
sides, or sides produced, meet in three points lying upon a right 
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line which we shall call the axis. In the A LMN oi Fig. 53, 
let AP, FQ, CB, be taken successively as transversals. 

We have 

LA-MB-NP _^ LF-MQ-NE _^ LR-MC-ND _^ 

AM-BN-LP ' MF-NQ-LE ' MB-NG-LD 

Also since LD, LA, etc. are secants, 

LE-LD ^ ^ MA-MF ^^ NC-NB ^^ 
LF-LA~ ' MB-MO ' ND-NE 

Multiplying these six equations together we have 

NP-mq-LB ^^ '^ 

LPNQ-MB 

By the converse of the proposition regarding transversals, 
P, Q, B, must be in the same riglit line. Since the ellipse, 
hyperbola and parabola are formed by the central projection of 
the circle and since in such pr. rt. lines, tangents, pts. of 
intersection and pts. of tangency in the projected figure re- 
main the same in the projection, it follows that the demonstra- 
tion gn. applies to the curves of the second degree. 

If five pts.. A, B, C, D, E, are gn. in one plane, any num- 
ber of lines AF may be drawn, and the corresponding pts. 
F may be found by using in each case the corresponding axis. 
Therefore, when five pts. are gn. in a plane, one conic section 
can always be found containing them and only one. An 
inscribed pentagon may be regarded as an inscribed hexagon 
in which one pair of adjacent vertices are consecutive ; an 
inscribed quadrilateral, one in which two pairs are so related ; 
an inscribed triangle, one in which three pairs coincide. In the 
last three cases a pair of consecutive vertices are not fully gn. 
unless the direction of the line joining them is gn. This line is 
tangent to the conic section in which the consecutive vertices 
lie. If the five pts. assumed form a convex figure, the conic 
section containing them will be an ellipse, as in a) of th^s 
Prob. If the five pts. assumed form a re-entrant flgurfe, the 
section will be an hyperbola, as in a) of 176. If three pts. be 
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assumed and a directioa leading at infinity to two other pts., 
and if the latter are eonseoutive with the line joining them, 
the infinite right line of the plane, then the section will be a 
parabola, as in 177. 

The proposition of Brianchon is derived from that of Pascal 
by the application of the principle of pole and polar. It is as 
follows : If a hexagon be circumscribed to any one of the conic 
sections^ the three diagonals joining opposite vertices will pass 
through the same pt. In Pascal's hexagram it is convenient to 
arrange the symbols for the lines in a row and connect them as 
rq: If A, B, C, D, E, F, be the vertices, then AB, BO, CD, 
DE, EF, FA, will be the sides, and AB ■ DE, BO ■ EF, CD • FA, 
will be the three collinear intersections. 

In Brianchon'a hexagon a, h, c, d, e, f, wiU be the vei-tices 
and ad, be, cf, the lines which intersect in a pt. It is evident 
that in the former, when five vertices are gn. any number of sixth 
vertices belonging to the same conic section can be found. In 
the latter, five tangents being gn. any sixth tangent can be found. 

Two pts. each of a) and 6) are constructed, in Figs. 34 and 
35. In Fig. 34, the axis always passes through P. In finding 
/ it also passes through the intersection of be and the assumed 
direction ef. Similarly for ef. In Fig. 35, A, B, etc., denote 
the sides of the gn. pentagon ; the intersection of A and B 
is denoted by A-B, of B and O, by B- 0, etc. Then the 
order for finding any number of tangents, F, is 



A ■B,B ;C, C-D,D'-E,E; F,f\A. 

Two tangents, F, are detennined in Fig. 35. Determine the 
principal axis by 174. 

Prob. 177. Two pts. of the rq. parabola are constructed in 
Fig. 36. ab is produced to intersect at oo with the infinite 
right line de ; the latter is the direction to ab. The line f'e 
is assumed. Its intersection with be determines one pt. of E. 
E being drawn to the intersection of ab with de must be II to ab. 

Pkob. 179. Use as an auxiliary line the element upon which 
a is found. 
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Peob. 181. Use the plane J. to ooj at o as an auxiliary sur- 
face and its traces as axes of afflnity between the elliptical 
projections of the base and its circular developments. 

Prob. 183. The development is theoretically effected by 
opening the cone along some element and rolling the surface 
out into a plane. It is practically done by dividing the base 
into any number of equal parts. The true lengths of the ele- 
ments passing through these pts. of division are found as nearly 
as practicable and the true length of the equal ares. These 
constituent lines combined in the proper order form triangles, 
which, placed adjacent in a plane in the same relation in which 
they stand in the surface, are the development of the latter. 
A continuous curve passed through the non-concurrent ends of 
the developed elements is the developed base. This work 
requires the rectification of the circle. Three and one-seventh 
times the diameter is 0.0013 of the circumference too much. 
Three times the diameter increased by one-fifth the chord of a 
quadrant is 0.0003 of the circumference too small. Both of 
these errors are smaller than those that ordinarily arise from the 
use of instmments. 

When the base of the cone is a curve not easily rectified, it 
is usually accurate enough for descriptive purposes to take 
divisions of the base so small that the arcs shall not sensibly 
differ from their chords. Occasionally the development is 
effected by using the intersection of the cone with a sphere 
whose centre is at the vertex. The developed intersection is 
then the arc of a circle. 

Prob. 185. By Analytic Geometry it is proven that the in- 
tersection of a plane with a cone of the second order is 
a) an ellipse, when it cuts all the elements ; 
6) a parabola, when it is parallel to one and only one 

element ; 
c) an hyperbola, when it is parallel to two elements. 

Take t'Tt" so as to give a), &), and c), successively. 

Prob. 187. Similar to 101. 

Peob. 188. Similar to 100. 
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Peob. 189. Revolve.the line upon its H-pr. into H together 
with the small circle cut out from the sphere by its H project- 
ing plane. 

Pkob. 190. In elementary Geometry it is shown that the line 
cut out from the plane of the base of the cone by, the tangent 
plane — in other words the V trace of the latter as here given 
— must be tangent to the base of the cone at the foot of the 
element containing p. Tt" and the pt. where a line from S or 
any pt. of the element of tangency and II to Tt" pierces M, 
will determine t'T. 

Peob. 192. Draw an auxiliary line through S andp and find 
its h. t'T mnst pass through li and be tangent to the base of 
the cone. In general, there are two solutions for cones of the 
second order. 

Prob. 193. The auxiliary line is drawn through p W to the 
elements of the cylinder. Otherwise as in 192. 

Peob. 196. Pass an auxiliary line through \S II to the direc- 
tion mn, which is a gn. line. 

Peob. 198. Construct an auxiliary cone of revolution with 
its vertex at the vertex of the cone and its elements making 
the ^ e with H. The common tangent plane will be the plane 
rq. 

Peob. 199. Construct an auxiliary cone with vertex at any 
pt., j9, and with elements making with ^the ^ jn. Through^ 
pass a line II to the elements of the cylinder. The tangent 
plane upon the auxiliary cone determined by this line will be II 
to the plane rq. 

Peob. 200. The helix is defined in Part III., Art. 27, and 
is constructed in Fig. 37. 

The developable or tangential surface is defined in Part III., 
Art. 46, and constructed upon the lielix of Fig. 37. 

When the helix with axis X to H, forms the directrix as in 
this case, the base of the surface in H is the involute of the 
circle forming the iT-pr. of the helix. If a rt. A be cut 
from paper and wound about a cylinder with one of its legs II 
to the axis of the latter, the hypotenuse will be very nearly a 
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helix. Unwind the paper, keeping the unwound portion plane. 
The hypotenuse will approximately describe a developable sur- 
face and the vertex at the lower acute angle the InTolute base. 
The tangent plane is drawn as in the cone. 

Pros. 201. Take the axis of the helical directrix _L to H. 
With any pt. of ab as a vertex, describe an auxiliary cone of 
revolution whose elements make with H the same 2(^ as the ele- 
ments of the gn. surface. The plane containing ah and tan- 
gent to the auxiliary cone will be II to t'Ti" . 

Prob. 202. Take auxiliary planes as in 103. 

Prob. 203. The problem is similar to 96. The auxiliary 
planes will be II to a plane determined by two intersecting lines ; 
one II to the elements of the cylinder, the other to the edges of 
the prism. 

Prob. 205. Auxiliary planes cutting rectilinear elements 
from both surfaces must contain the line passed through S 
II to the elements of K. In other words, they must pass 
through the v and h of this line. Especial attention should be 
given to the auxiliary planes whose traces are tangent to the 
bases of one or both of the surfaces, for such planes contain 
elements which are tangent to the line of intersection. The 
solution is similar to Fig. 21. 

Prob. 208. t'Tt" will be JL to the radius of tangency at^. 

Prob. 209. Construct auxiliary cones of revolution tangent 
to the sphere and with vertices in v and h of ab. The planes 
of the bases of these cones will be the corresponding project- 
ing planes of the chord of the sphere, connecting the two pos- 
sible pts. of tangency. By revolving either projecting plane 
into its corresponding plane of pr. and with it the small circle 
cut by it from the sphere, the pts. of tangency are found. 

Prob. 210. Pass a plane through c i to a6 and determine 
the pt. cut from ah. Develop into either H ox Fthig pt. and 
the great circle cut from the sphere. The tangent from pt. to 
circle is the developed position of a tangent intersecting ah 
and with it determining t'Tt" . Two solutions. 

Prob. 211. An hyperboloid of revolution of one nappe or 
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sheet is generated by the revohition of an hyperbola about its 
imaginary axis. It is also generated by the revolution of one 
right line about another to which it is windschief and with 
respect to which its relation is constant. To prove the surface 
thus generated is an hyperboloid of one sheet, it is only neces- 
sary to prove that its meridian section is an hyperbola whose 
imaginary axis is the axis of revolution. 

In Fig. 38, let v be any pt. in the meridian line, t"m"v". Let 
ab be an element II to V. Let o'm' = o'd' = d"m" =a = the 
radius of the circle of the gorge. In the rt. A d"m"c", let m"c" 
= b. Let r'v' =x = r's' = r"v", and d"r" = y. 

In the rt. A r'd's' 

?i''=7^''4-dVl .■.a?=a? + ¥^; 

but d's' = r"s", and -— - = — — , or d's' =-y. 

r"d" m"o" b 

.-. ^ = a^-\--^f, or ay-6V = -a=&^ 
the equation of the x hyperbola. Read Part III., Arts. 53-62. 

The revolution of the common ± generates the smallest par- 
allel of the surface. This parallel is called the circle of the 
gorge. 

A right line intersecting the generatrix at the foot of the 
common ± from generatrix to axis and making with the latter 
the same angle in space, will evidently generate the same sur- 
face, since every pt. of the new generatrix will be at the same 
distance from the axis as its homologous pt. in the old genera- 
trix. Therefore through any pt. of the surface there will pass 
two rectilinear elements, one from each generation, and these 
determine the tangent plane at that point. It is also easily 
seen that an element of one generation cuts every element of 
the other. 

Let the hyperboloid be cut by two planes ± to the axis and 
at equal distances above and below the plane of the gorge. If 
the axis is ± to H, an element joins pts. in these bases whose 
^-prs. are separated by an are greater than zero and less than 
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180°. The tangents at these two pts. are therefore not II, and, 
Bince they do not intersect, they are windschief. An element 
and its successive element, therefore, are lines connecting 
different pts. of two windschief lines and must themselves, 
therefore, be windschief. Hence the surface itself is warped. 
SeePartlll., Art. 44,3. 

Prob. 212. The tangent plane is determined most readily by 
two tangents through p, one to the meridian section, the other 
to the parallel through the gn. pt. 

Pkob. 214. If with the given line as generatrix and the axis 
of the given soM as axis, an hyperboloid of revolution of one 
sheet be formed, the tangent plane will be tangent to this 
auxiliary surface at some pt. of the given line ; for a plane con- 
taining an element of a jyarped surface must be tangent to that 
surface at some pt. of the element. See Part III., Art. 66. 
^ Also, the meridian plane passed through the pt. of tangency 
of the given solid must cut out a common tangent from the 
common tangent plane. If, then, we lay in V the common tan- 
gent upon the bounding lines of the two surfaces of re\olution, 
and determine the pt. of tangency upon the hyperboloid, that 
pt. will give the parallel circle containing the pt. of the given 
line where the latter is cut by the common meridional tangent. 
This tangent, with the given line, determines the rq. plane. 

Peob. 215. Pass a system of planes through p and the ellip- 
soid and to each section determine the tangent line and the pts. 
of tangency. The former will be the elements of the rq. cone ; 
the latter, pts. in the rq. curve of contact. This curve is plane 
and of the 2d order. 

Pkob. 216. Use the projecting planes of the cylindrical 
elements as auxiliary surfaces. In general, they cut right lines 
from the cylinder and small circles from the sphere whose 
mutual intersection is determined by revolution. 

Prob. 217. For auxiliary surfaces take sphere^ with their 
common centre at the intersection of the axes. 

Prob. 218. Assume an axis _L to ^ whose B'-pr. is the 
middle pt. of an ellipse assumed as the basal section and the 
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projection of the upper base. Lay off at will in V, along the 
axis from G, any distance as the altitude of the bounded solid. 
The plane of the ellipse of the gorge bisects this distance. The 
if-pr. of the gorge may be assumed, in which case it is concen- 
tric with the base and similar to it. The hyperboloid of revo- 
lution is best represented by dividing the circular base into any 
number of equal parts and drawing elements from the pts. of 
division. In the general hyperboloid under discussion, the foot 
points of elements corresponding to these may be found by 
describing a circle about the major axis, dividing this circle into 
any number of equal parts and projecting the pts. of division 
upon the ellipse by lines _L to the major axis. This construc- 
tion is seen to resemble the method of Fig. 30 and is in reality 
dependent upon the orthographical projection of a circle whose 
plane is oblique to the plane of projection. A pt. in the base 
of the asymptote cone is found by passing through the axis a 
plane parallel to any element and projecting its foot pt. upon 
this plane. Read also Part III., Arts. 63-74. 

Prob. 219. Without entering further into the discussion of 
this sm-face, it may simply be stated that it is one of the limiting 
cases of the hyperboloid of one nappe and, like that surface, 
has a double system of generation. 

To represent the surface symmetrically, divide portions of 
two windschief lines into the same number of equal parts and 
join homologous pts. Any two elements of one generation 
may be taken as the directrices of the second with which the 
operation given above may be repeated, as shown in SFig. 39. 
Various beautiful projections of this interesting surface can 
be easily contrived. 

The two rectilinear elements passing through any pt. of a sur- 
face determine the tangent plane at that pt. 

Peob. 220. Through p and cd pass a cone intersecting the 
projecting cylinder of ef in a curve, xy, whose actual intersec- 
tion with ef determines a second pt., q, in the rq. element. 
The construction is given in Fig. 40. 

Prob. 221. For case a), construct a series of lines in the 
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plane directer. Through p pass a cone of rays II to this series 
and find a second pt. in the rq. element, as in 220. 

For case 6), pass through ah a cylinder of rays, each of 
which is parallel to win. Find a second pt. as in 230. 

Peob. 222. Construct the helical directrix with axis _L to H. 
Divide the circular base into any number of equal parts. Draw 
one of the elements lying II ,to Fat the gn. ^ in V with a"6", 
and intersecting the latter in S". Divide the portion of the 
axis in V above and below S" corresponding to one spire of 
the helix into the same number of equal parts as the circular 
base. Connect the successive pts. in the helix, above and 
below the element already drawn, with the corresponding pts. 
of the axis. 

Assume a pt. in the surface bj' assuming one of its prs. and 
finding the other by constructing the rectilinear element upon 
which it lies. 

Prob. 223. To pass a plane tangent to a helicoid at any pt. 
of its surface, we construct the subordinate helix upon which 
the pt. lies and the right line tangent to this helix at the gn. 
pt. 

The constructed tangent and the rectilinear element passing 
through the pt. determine the plane sought. 

Prob. 225. The auxiliary surfaces most convenient for appli- 
cation are planes ± to the axis of the hyperboloid. The prin- 
cipal axis of the section is the intersection of t'Tt" with that 
meridian plane which is X to it. 



PART III. 

STJMMAKT OP PEIUOIPLES AND DEFINITIONS. 

Section I. 
Projections. 

1. Descriptive Geometry. Descriptive (darstellende, bes- 
chreibende) Geometry is the science and art of the methods 
by which the form and position of geometrical solids are rep- 
resented by drawings and by which all constructions rq. in 
space can be solved with the help of such elements as can be 
represented in a plane. 

2. Shading and Perspective. Descriptive Geometry in- 
cludes Shading and Perspective and is, therefore, the foundation 
of the art of Drawing. 

3. The representation of a solid may be effected in general in 
two ways, giving rise to Central Projection and Parallel Projection. 

4. Central Projection. The Central Projection of a figure is 
the intersection of a plane and a pencil of rays. 

The plane is the Plane of Projection, or the Picture Plane. 
The pencil of rays is composed of straight lines, each passing 
through the fixed or central point — called the Point of Sight-^-, 
a point of the figure and a point of the pictui-e plane. 

5. Parallel Projection. The Parallel Projection of a solid is 
the intersection of a plane and a system of parallel lines : it is, 
in fact, central projection with the point of sight at infinity. 

The plane is the Plane of Projection ; the parallel lines, Pro- 
jecting Lines. All the projecting lines of a continuous figure in 
space fbrm a Projecting Cylinder. For the right line in gen- 
eral and for special positions of plane figures, the projecting 
cylinder becomes a Projecting Plane. Parallel projection is 
Oblique or Orthogonal. 

6. Oblique Parallel Projection. In oblique parallel projec- 
tion the projecting lines are oblique to the plane of projection. 
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7. Orthogonal Parallel Projection. In orthogonal or ortho- 
graphic parallel projection the projecting lines are perpendicu- 
lar to the plane of projection. ^ 

8. In this hand-book, whenever the projection of a figure is 
mentioned, the orthographic is meant, unless otherwise speci- 
fied, and Descriptive Geometry will be taken to mean the sci- 
ence and art of orthographic progression. 

9. Planes of Projection. In orthographic projection usually 
two principal planes of projection are taken at right angles to 
each other, one the horizontal, H\ the other the vertical, V. 
To these may be added a third, P, perpendicular to both. Ex- 
cept in special positions of the figure to be projected, it is fully 
determined without the aid of P- 

10. Ground Line. The intersection of H and V is the 
ground line, G; ot V and P, the G^; of P and H, G^. 

11. Revolutions. By revolution through an angle of 90° 
about Gr, H and V are made coincident. To effect this 
transformation, which is the fundamental one of Descriptive 
Geometry, we may suppose the part of F" above G revolves back- 
wards, the part below G forwards through 90°, or that the back 
part of H revolves upwards, the fore part downwards, through 
the same angle. For the sake of uniformity the latter change 
will be always understood, unless otherwise specified. When 
H and V have been made coincident, the pavt of the composite 
plane above G represents upper V and back M ; the part below 
G, front H and lower V. Similarly P is revolved through 90° 
upon G^ and it will be uniformly assumed that the fore part of 
P is supei-posed upon the right-hand part of F. 

Section II. 
Point, Line and Plane. 

12. Point. A point is completely determined by its two 
projections. The projections of a point lie in the same line _L 
toG. 
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13. Right line. The projections of a right line are also 
right lines. In general, a line is completel3- determined by its 
first two projections, except when it lies in a plane ± to G. 

14. Traces of a Line. The points in which a line pierces H, 
Fand P are its traces, h, v, p. 

Note. Statements will now be confined to the first two projections. 
The student will readily make and prove similar statements for the third 
projection. 

15. The h and ■» of a line are in its JJ-pr. and F-pr., respec- 
tively, and are their own projections of the same mime. Also 
the F-pr. of h and the jff-pr. of v are in G. If, therefore, 
from the point in which the F-pr. of the line cuts G a, ^-to G 
be drawn in H, its intersection with the S-pr. of the line is h : 
similarly for v. 

16. Angle of Inclination. The angle of inclination of a 
line or plane is the angle it makes with a plane of projec- 
tion. 

17. Parallel Right Lines. If two right lines are II, their 
like-named projections are II. 

18. Plane, how represented. The position of a plane is in 
general represented by its intersections with H and F. 

These intersections are called the traces of the plane and 
must always meet G in the same point. 

19. A plane is determined by three points not in the same 
right line, by a line and point without it, by two intersecting 
lines and by two parallel lines. 

20. Point in Plane. If a point lies in a plane, it lies in any 
line of that plane whose projections pass through the projections 
of the point. 

21. Line in Plane. If a line lies in a plane, its h and v lie 
respectively in the H and F traces of the plane. 

22. Plane perpendicular to H or V. If a plane is perpen- 
dicular to F its H trace is perpendicular to G and vice versa. 

23. Line perpendicular to Plane. If a line is J. to a plane 
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its projections are ± to the like-named traces of the plane and 
conversely. 

24. Two Parallel Planes. If two planes are II, their homol- 
ogous traces are II. The converse is true, except when the 
planes are II to G, then their third traces must be II to prove the 
planes II. 

Section III. 

lAne in General. 

25. Line, how Generated. A line is generated, a) by a 
moving point, 6) as the envelope of a moving right line. 

26. Plane Curve. A line is plane when four consecutive 
points always remain in the same plane. 

27. Space Curve. A line is a space curve when four consec- 
utive points do not generally remain in the same plane. 

28. Plane Curves. 

1. Algebraical. The locus of a rational algebraical equation, 

in general of two unknown quantities. 

a) Order. Number of times intersected by a right line. 

First Order. Right line (a circle of infinite ra- 
dius and thus a curve). 
Second Order. Ellipse, parabola, hyperbola. 

b) Class. Number of tangents that can be drawn to it 

from any point in its plane. 
First Class. Point. 
Second Class. Ellipse, parabola, hyperbola. 

2. Transcendental. The locus of a transcendental equation ; 

either trigonometrical, circular, logarithmic, or ex- 
ponential. 

29. Higher Plane Curves. All plane transcendental curves 
and plane curves of a higher order or class than the second, are 
called higher plane curves. 

30. A transcendental curve may in general be intersected by 
a right line in an unlimited number of points. 

Examples of the more common and useful transcendental 
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curves are the curves of the trigonometric functions, as the 
sine, tangent; the rolling curves, as the cycloid, epicycloid, 
hypocycloid ; the spirals, as the involute of a circle, spiral of 
Archimedes, logarithmic spiral. 

31. Tangent. A tangent to a curve is a right line passing 
through any two of its consecutive points. , A curve is always 
convex towards a tangent at the point of contact. 

32. N^ormal. A normal to a curve is a right line drawn _L 
to a tangent at the point of tangency. In plane curves the 
normal is taken in the plane of the curve. 

33. Axis and Vertex. If a normal divides a curve into two 
symmetrical parts, it is an axis, and its point of intersection 
with the curve is a vertex. 

34. Diameter. If we draw over a plane curve a group of II 
chords and join their centres successively with a line, the latter 
is a straight or curved diameter. 

35. Osculating Circle and Radius of Curvature. The circle 
■which passes through any tliree consecutive points of a curve 
is an osculating circle, and its radius is the radius of curvature 
for the curve at the middle of the three points. The radius is 
usually represented by p. 

36. Space Curves. The number of space curves is unlim- 
ited, but the two of special interest are the helix and the 
spherical epicycloid. 

37. Helix. The Helix is generated by a point revolving 
about a fixed right line called its axis. The generating point 
remains at a constant distance from the latter and has a velocity 
of translation in its direction in a constant ratio to its angular 
velocity about it. 

38. Spherical Epicycloid. The spherical epicycloid is gen- 
erated by a point in an element of one cone of revolution roll- 
ing upon another, both cones having the same vertex and 
always one and but one element in common. 
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Section IV. 
Surfaces in General. 

39. Surface. A surface is the locus of the different posi- 
tions of a line, called the generatrix, or it is the envelope of 
the different positions of other surfaces. The law for the 
motion must state whether the generating figure remains of 
unchanging form or not. 

40. Directrix, Dire6ter. Fixed lines along which the gener- 
atrix glides, and fixed surfaces against which it assumes defin- 
ite positions, are called directrices and directers. 

41. Kinds of Surfaces. Since surfaces in general involve 
the idea of three dimensions in space. Analytic Geometry uses 
equations involving three variables to d.esignate them and di- 
vides, them into algebraical and transcendental in the same way 
that it divides lines. 

42. Algebraical surfaces are divided into orders and classes! 
Nth Order. A surface of the Hth order is one that is cut by 

every plane in a line of the nth order. The surface of the 
first order is the plane. 

43. Families of Surfaces. Irrespective of these divisions, 
surfaces are brought together in families, members of the same 
family having something in common in their generation. 

The majority of surfaces applied in the arts belong to two 
such groups, the first family has the simplest line, — the right 
line, — for generatrix ; the second is formed by the simplest 
motion of any line, — revolution about a fixed axis. These 
groups are called ruled surfaces and surfaces of revolution. 
Several special forms belong to both families. 

44. Ruled Surface. A ruled surface is the locus of a right 
line moving in conformity with a given law. 

1 The student is referred to Analytic Geometry of three dimensions, for 
the discussion of classes of surfaces. 
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There are three subdivisions : 

1. Plane. 

2. Developable surfaces, or such as have every two 

consecutivo positions of the generatrix in the 
same plane. 

3. Warped surfaces, or such as have every two suc- 

cessive positions of the generatrix windscliief . 

Note. Any two right lines crossed in space, but not intersecting, are 
called windschipf. 

45. Double Curved Surface. Any geometrical surface not 
belonging to the ruled surfaces belongs to the double curved 
surfaces. 

^_, Section V. 

Developable Surfaces. 

46. Developable Surface. A developable surface is also 
the envelope of a plane which moves in accordance with some 
(given law, but the simplest generation is to cause a right line 
to move constantly tangent to any space curve. It might, there- 
fore, be called a tangential surface. A plane element of this 
surface will be the portion of a plane included between two 
successive and intersecting positions of the generatrix. There- 
fore the surface can be developed into a plane by enlarging the 
dihedral angle between all successive plane elements to 180°, 
at every stage keeping the plane elements already developed 
fixed, while the remaining elements are consecutive^ added 

■ thereto. 

47. Developable Surface with Helical Directrix. An ex- 
ample of the developable surface is that with a helical directrix, 
in which ttie space curve along which the generatrix glides is, 
as the name indicates, the helix. 

48. A simple developable surface arises when the space 
curve directing the generatrix is reduced to a fixed point. In 
this case the motion of the generatrix is to be restricted by 
another condition. 
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49. Cone. A cone is the locus of a right line which always 
contains a fixed point, m, while it passes successively through all 
the points of a given curved line or directrix. If the directrix 
is a plane curve, m must not lie in the plane of the curve. 

When the directrix is a curve of the second order, the cone 
is a surface of the second order. 

50. Cylinder. If the fixed point m lies in infinity, the sides 
of the surface are parallel and the cone becomes a cylinder 
whose order is determined in the same way as that of the cone. 

51. Tangent Plane. A tangent plane to a surface at a given 
point is the plane which contains all the tangent Knes to the 
surface at that point. Any two of these lines are suflflcient to 
determine the plane. In general, the plane tangent to a devel- 
opable surface "at a given point upon it, is most readily deter- 
mined by the element through the point of tangency and the 
line tangent to the base of the surface at the point in which the 
element of tangency pierces the plane of the base. 

52. Shortest Path. The shortest path upon a developable 
surface between two points in that surface, is the right line 
joining those points when the surface has been developed. On 
the cylinder of revolution this line becomes identical with the 
helix and the loxodrome. 

Section VI. 

Surfaces of Revolution, 

Note. Before taking up warped surfaces, we will consider surfaces 
of revolution, as one warped surface, the hyperboloid of one sheet, in tlie 
form most applied in the arts, is a surface of revolution and can be most 
conveniently treated as such. 

53. Surface of Revolution. A surface of revolution is the 
locus of any line which remains unchangec} in form and in |)Osi- 
tion with reference to a right line about T?hicb i% revolves with- 
out a motion of translatioti. 

54. Axis. The fixed line is called tl^e axis of revolution, 
or simply the axis. 
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55. Parallels. Every plane intersecting the surface and per- 
pendicular to the axis cuts out a circle. All such circles are 
called parallels. 

56. Meridian. Every plane passed through the axis cuts 
out a curve called a meridian. All meridians of the same sur- 
face of revolution are equal and symmetrical with respect to 
the axis. The meridian curve of a surface of revolution is also 
called its profile. 

57. Equator. When a plane of symmetry for a meridian- 
curve can be found perpendicular to the axis, the parallel cut 
by it is called the equator of the surface. 

58. Represent?tffoa of Surfaces of Revolution. By the defi- 
nition of surface of revolution, we know two systems of lines, 
and these serve to represent the surface. The representation 
is accomplished most simply by placing the axis perpendicular 
to IT, when the boundary of the F projection will be a meridian 
section, while the H projection will be either the parallel cut 
out by the H plane, or the intersection with H of the tangent 
horizontal projecting cylinder. 

59. Circle of the Gorge. A parallel whose radius is smaller 
than that of any other, but greater than zero, is a circle of the 
gorge. 

60. According as the meridian is a transcendental or alge- 
braical line of the nth order, so also is the surface of the 
same kind and order. 

61. Surfaces of revolution may be divided into orders, as 
follows : — 

Fir^ Order. The meridian is a right line ± to the axis of 

revolution, — plane. 
Second Order. The meridian is composed of : 

a) Two lines parallel to and equally distant from the 

axis, — cylinder. 
6) Two lines intersecting the axis and equally inclined 

to it, — cone, 
c) A circle with centre in the axis, — sphere. 
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d) An ellii>se whose minor or major axis lies in the 

axis of revolution, — the oblate or prolate 
spheroid. 

e) A parabola with axis as axis of revolution, — 

paraboloid. 
/) An hyperbola whose real axis is the axis of revolu- 
tion, — hyperboloid' of double sheet. 
g) An hyperbola whose imaginary axis is the axis of 
revolution, — hyperboloid of single sheet, g) 
may also be generated by revolving one right 
line about another to which it lies wiudschief. 
Higher Orders. Other kinds of revolution of lines of the 
second order, give surfaces of the fourth order often 
applied in the arts for vases, light-house towers, &c. 
The conchoid of Nicomedes, the oval, the logarithmic 
curve, the cosine curve and allied forms, the cycloid, 
etc., generate surfaces of revolution much used in the 
arts and which are algebraical or transcendental accord- 
ing as the meridian curves are the one at the other. 

62. Tangent Plane. When the point of tangency on a sur- 
face of revolution is given, the tangent plane is generally 
determined most readily by the tangent at the given point to 
the parallel and the tangent through the same point to the 
meridian. 

This method is simplified in the cone and cylinder, while in 
the hyperboloid of revolution of one sheet, a rectilinear element 
passing through the point of tangency is taken from each of 
the two systems of generation. . 

Section VII. 
Warped Surfaces. 

63. Warped Surface. A warped surface is a ruled surface 
in which any two consecutive rectUinear elements are wiud- 
schief. Since no limit can be placed to the laws which shall 
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govern the motion of a right line in space, none can be placed 
to the number of possible warped surfaces. In general, the 
generatrix will have directing points, lines, or surfaces which 
it shall intersect or intersect at a given angle ; for example, 
simply touch or touch so as to cut a given system of lines at 
a given angle. 

64. These laws can be variously expressed ; as, for example, 
the generatrix shall always be at a given distance from a fixed 
point, means also that it shall always be tangent to a sphere of 
given radius. 

65. The simplest law for the generation of warped surfaces 
is that the generatrix shall glide along three given lines, always 
intersecting all three. If every two consecutive elements inter- 
sect, the surface becomes a developable one ; in general this is 
not so, and the surface is warped. 

66. Property of a Plane containing an Element of a Warped 
Surface. Since each element of a warped surface is in general 
windschief with respect to every other, a plane containing one 
element will be pierced by every other element. These points 
of piercing together form a curve intersecting the given ele- 
ment. The tangent to this curve at the point where it inter- 
sects the given element, together with the element itself, forms 
two intersecting lines tangent to the surface at the same point. 
They therefore determine the plane which we have chosen, with 
the single condition that it shall contain an element, and make 
of it a tangent plane. Therefore, in general, it follows that any 
plane containing an element of a warped surface will be tan- 
gent to the surface at some point of the element. 

67. Mutually Tangent Warped Surfaces. If two warped 
surfaces have an element in common and are tangent to each 
other at three points, a, b, c, of the same, then they are tan- 
gent along the entire element. For if we intersect the two sur- 
faces at the given points by three planes, the latter must cut 
three linear directrices from each surface. Each pair of direc- 
trices must have the point of tangency and its consecutive 
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point in common, that is, aUj, bbi, cci; therefore these pairs of 
common points serve to determine two consecutive positions of 
the generatrix. It follows that a common warped surface ele- 
ment will be determined, and that a plane intersecting the sur- 
faces at any other point than a, &, or c, of the common element, 
must cut out two consecutive points common to eacli surface. 

68. Divisions of Warped Surfaces. A linear directrix can 
be a right line or a curved line (the latter a plane or space 
curve). There are, therefore, four kiuds of warped surfaces, 
distinguished as follows ; the directrices are : 

1) Three right lines, — the hyperboloid of one sheet. 

2) Two right lines and a curved line. 

3) One right line and two curved lines. 

4) Three carved lines. 

69. Infinite Directrices. A right line can be one of the in- 
finite right lines of space. In this case it determines with 
every point in space not contained in itself a plane, and all 
the planes determined by it and finite points of space are. 
parallel. 

If two infinite right lines, or two parallel right lines, are used 
as directrices, they will have an infinite point in common and 
the generatrix must always pass through this point. Therefore 
the surfaces formed with two such directrices and any kind of 
a line used as a third directrix, will be planes or cones (regard- 
ing the cylinder as a special form of the cone) . If the two in- 
finite directrices were curved they would have as many infinite 
points of intersection as the orders of the curves would allow ; 
therefore, with a third directrix, there would now be formed a 
group of planes or cones. 

70. But One Infinite Directrix. It follows that a wai-ped 
surface can have but one infinite line as directrix, and since 
such a line gives rise to a series of parallel planes, we may 
take any one of these as a plane directer and every element 
will be parallel to this plane, while at the same time it intersects 
the other two directrices. 
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71. Special Group of Warped Surfaces. There is thus 
formed a special group of warped «urf aces, divided as follows : 

The generatrix shall be always parallel to a given plane and 
shall cut 

1) Two right lines, — the warped plane, or hyperbolic 
» paraboloid. 

2) One right line, one curved line, — the warped cone 

or conoid. 

3) Two curved lines, — the warped cylinder or cylin- 

droid. 

72. Orders of Warped Surfaces. Among warped surfaces 
there are two of the second order, the hj-perboloid of one sheet 
formed by a right line gliding upon three right lines, no one of 
which is an infinite right line of space ; the hyperbolic parabo- 
loid formed by a right line gliding upon three right lines, one 
of which is an. infinite right line of space, or by a right line 
always parallel to a given plane moving along two other wind- 
schief right lines. 

73. Higher Orders. All other warped surfaces are of higher 
orders, either transcendental or algebraic, according to the 
orders and kinds of the directrices and generatrices. 

74. Screw Surface. Among the most important of those of 
higher order is the screw surface. It is generated by a right 
line intersecting at a constant angle and revolving about 
another right line, the point of intersection having a velocity 
of translation along the linear directrix in a constant ratio 
greater than zero to the angular velocity of rotation of the 
generatrix about it. When the angle of intersection is a right 
angle, the screw surface thus formed is also a warped cone or 
conoid, applied in spiral staircases, etc. 
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